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PKEFACE TO THE FIRST EDITION. 



rilHE following pages contain the explanation of methods, 
-L and the investigation of formulae, which I have for some 
time past found useftil in the discussion of the curves pro- 
duced by the rolling or sliding of one curve on another. 

These methods and formulae are with a few exceptions 
original, and, I believe, new; and my object has been to 
present, from a geometrical point of view, solutions of the 
various problems connected with Roulettes and Qlissettes. 
I have ventured to introduce, and employ, the word Glissette, 
as being co-expressive with Roulette, a word which has been 
in use amongst mathematicians for a considerable time. 

The formula of Art. (34) is of course well known ; it 
is given in Salmon's Higher Plane Curves, in Walton and 
Campion's Solutions, in Jullien's Problems, in Bertrand's 
Differential Calculus, and probably in many other books. 

The theorem of Art. (37) was enunciated some years 
ago, for the particular case of a conic, by Mr Wolstenholme, 
and extended by myself to the case of any curve. I have 
however recently found a reference to it in the NouveUes 
Annates for June, 1869, from which it appears that it was 
given by Steiner in an early number of the same journal. 



VI PREFACE. 

For the incisive method of Art. (78) I am indebted to 
Mr Ferrers. 

It will be seen that the general formula of Art (50) in- 
cludes most of those which precede it, while it is itself 
included in that of Art (77), and that the theorem of Art. 
(60) reduces all cases of motion in one plane to the cases of 
Articles (50) or (77). 

In a future tract I hope to produce some further deve- 
lopments of the ideas which are here somewhat briefly 
treated. 

W. a BESANT. 

December, 1869. 



PREFACE TO THE SECOND EDITION. 

These ' Notes ' have been out of print for a long time, 
and I have frequently been requested to produce a new 
edition, but, until recently, I have not been able to find the 
requisite time for the purpose of doing so. 

I have made considerable additions to the text and the 
examples, but, as these notes by no means constitute an 
exhaustive treatise on the subject, I retain the original 
title. 

I am much indebted to Mr A. W. Flux, Fellow of 
St John's College, for kind assistance in the revision of 
proof sheets. 

W. H. BESANT. 

Apnl, 1890. 
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PRELIMINARY REMARKS ON 



INFINITESIMALS. 



1. An infinitesimal is a quantity which, under certain 
assigned conditions, vanishes compared with finite quantities. 

If two infinitesimals vanish in a finite ratio to each other, 
they are said to be of the same order. 

Thus, if 6 vanish, sin and are of the same order, as are 
also sin m0 and tan n0. 

If two infinitesimals, a and ^, are such that the ultimate 
ratio of /8 to a* is finite, y8 is said to be of the second order 
if a be of the first order. 

Thus, 1 — cos 0y when vanishes, is of the second order 
if ^ be of the first order. 

And, generally, an infinitesimal which has, ultimately, a 
finite ratio to the rth. power of another is said to be of the 
rth order if that other be of the first order. 

The order of an infinitesimal is, d priori^ arbitrary and 
<;onventional ; but, if any standard be fixed upon, the orders 
of all others are determinate. 

2. Consider figure (1), in which is the centre of a 
circle, and AP a small arc ; FNy PL perpendiculars on OA 
and on the tangent at Ay and Q the point in which OP pro- 
•duced meets AL, 

B. R. 1 



2 PBELDflNABT BEUABKS ON INFINITESIIIAIS. 

Then, if OA = a, and AOP = 0, it can be shewn by Trigo- 
nometry that, when is indefinitely diminished, 

AL PL 1 QL 1 



and 



PQ-PL 1 



^P* 4a»' 

Therefore, if -4P is an infinitesimal of the first order, AL 
is of the first order, PL of the second, QL of the third, and 
PQ - PL of the fourth. 

3. If a is an infinitesimal of the first order, 

\a* + fjLa* : va* :: X : V, ultimately, 

Xa' 4- A^a' is of the second order : 

and generally, it will be seen that the order of an infinitesimal 
is not affected by the addition to it of an infinitesimal of any 
higher order. 

If ^P' is a small arc of a curve, and AP an equal arc of 
its circle of curvature at A ; then PP' is of the third order, 
and therefore, so far as quantities of the second order are 
concerned, P may be taken to be coincident with P. 

4. If -4P, AQ are two infinitesimal arcs, of the first order, 
of two curves touching each other at A, and if AP, AQ be 
equal, or ultimately equal to each other, the distance PQ 
is of the second order, and therefore, so far as quantities of 
the first order are concerned, P and Q may be taken to be 
coincident. 

It will be seen that all the preceding theorems are con- 
tained in, or deducible from, the 7th and 11th lemmas of the 
first section of the Prindpia. 

Thus, from Lemma XL, if AP, AP are two infinitesimal 
arcs of a curve of the same order, and PL, P'L' the corre- 
sponding perpendiculars, 

PL : FU :: AP" : AP^. 



ROULETTES. 



5. When a curve rolls on a fixed curve any given point 
in the plane of the rolling curve describes a certain curve, 
which is called a roulette. 

Under the same heading we shall also include the curves 
enveloped by any given lines, straight or curved, which are 
carried with the rolling curve. 

In dealing with roulettes the following is a fundamental 
theorem. 

If a curve roll on a fixed curve, the line joining the 
point of contact with any point Q in the plane of the rolling 
curve is the normal to the path of Q. 

For, as the curve rolls, the point of the curve, P, in con- 
tact with the fixed curve, has no motion, and the whole area 
is, at the instant, turning round P : hence the direction of 
motion of Q, i. e. the tangent to its path, is at right angles 
to QP, and QP is the normal. (See fig. 2.) 

6. Centre of curvature of roulette. 

If PP', Pp are equal infinitesimal arcs of the fixed and 
rolling curves, so that Qp rolls into the position Q'P' (as in 
fig. 9), QP, Q'P are consecutive normals of the roulette, and 
E, the point of intersection of these lines, produced if neces- 
sary, is the centre of curvature at the point of the roulette. 

7. We commence with two particular cases as illus- 
trations. 

1—2 



4 ROULETTES. 

If a circle roll on the inside of the circumference of a 
circle of double its radius, any point in the area of the rolling 
circle traces out an ellipse*. 

Let G be the centre of the rolling circle, and E the point 
of contact (fig. 3). 

Then, if the circle meet in Q, a fixed radius of the fixed 
circle, the angle ECQ is twice the angle EOA, and therefore 
the arcs EQ, EA are equal. 

Hence when the circles touch at A, the point Q of the 
rolling circle coincides with -4, and the subsequent path of 
Q is the diameter through A, 

Let P be a given point in the given radius CQ, and draw 
RPN perpendicular to OA ; 

then, OQE being a right angle, EQ is parallel to RP, and 
therefore CR = CP, and OR is constant. 

Also PN : RN :: PQ : OR; 

therefore the locus of R being a circle, the locus of P is an 
ellipse, whose semi-axes are 

OC + CPsmd OC-CP. 

8. Properties of the ellipse are deducible from this 
construction. 

Thus, the point E being the instantaneous centre, PE is 
the normal to the ellipse at the point, and PT, perpendicular 
to it, and therefore parallel to OF, is the tangent 

A circle can be drawn through EPQT, since EPT, EQT 
are right angles ; but the circle^ through QPE clearly passes 
through R, 
therefore, the angle ORT is a right angle and 

ON : OR :: OR : OT 

or ON.OT^OR?, 

a known property of the tangent. 

* Appendix to Oeometrieal Conies^ first edition, 1869. 



ROULETTES. 5 

Again, if PF meet OQ in (?, the angles PQG, PFQ are 
equal, being on equal bases, EQ, 0Q[ ; 

/. PG : PQ :: PQ : P^ 

or PO.PF=^P(^ = OR'\ 

a known property of the normal. 

9. To find the intrinsic equation of a cycloid. 

If the circle BPQ rolls along the straight line APy the 
diameter BQ originally coinciding with AO (fig. 4), the point 
Q traces out a cycloid of which is the vertex. 

QP is the normal at the point Q of the cycloid, and if Pp 
is an elementary arc of the circle, Qp turns into the position 
QfP', so that Q'P' is the consecutive normal, and the point 
E is the centre of curvature. 

P'p being of the second order of infinitesimals, the points 
p and P' may be taken to be coincident, and if PGp = 8^, 
PQp = \Zd. 

As the circle turns through the angle hdy Qp turns 
through the same angle, and therefore QpQ = h6\ hence it 
follows that QEQ' = ^80, and therefore, ultimately, QE= 2QP, 

If the arc QQ' = Ss, we have 

Ss = 2PQ . ^Bd = 2a cos 1 86, 

and, QR being the tangent Q, the angle <t> of deflection 

= RPQ = ^d; 
.', Ss = 4a cos <}>S<f) 
and 5 = 4a sin <f>, 

measuring s and <^ from the point 0, and the tangent at 0. 

10. -4 ci^r^;« roUs on a straight line ; it is required to find 
the rovlette tranced by any point Q. 

Let the curve roll from to P, the point A passing 
over the point 0. (See fig. 2.) 



6 ROULETTES. 

Taking as the origin, and OP as axis of x, let x, y, be 
co-ordinates of Q. 

Then, if AQP^0, QP^r, 

and y = r sin QPJV as r-T-. 

Hence, if the polar equation referred to the point Q, 
r = / (0), is given, we have three equations from which r 
and can be eliminated, and the resulting equation will be 
the differential equation to the path of Q, 

Or, if the arc AP (= *) be found in terms of 0, we may 
employ the equations 

^ ss 9 — r cos NPQ ^B — r-j-, 

as 

y^rBrnQPN^r*^, 

and the elimination of r and will give the equation in w 
and y, to the path of Q. 

If the rolling curve is given by the equation p =f(r\ 
we have 

.'. since p^y^ 
da 



is the roulette. 



y-^^y^ 



11. The two theorems following will be found of great 
use in the discussion of roulette& 

If ^ is the deflection of the tangent at any point P of a 
curve from the tangent at a fixed point of the curve from 
which the arc is measured, and Up is the perpendicular from 
a fixed point (0) on the tangent at P, then 
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(1) Ths perpendicular from O on the normal, measured 
in the earns direction as the arc, is equal to^if the curve is 

concave to the point 0, amd is --tK if the curve is convex to the 
point 0. 

(2) The radium of curvature a^ P = p + ^-^ , if the curve 

is concave to the point O, and = — p — t-^, if the curve is 
convex to the point 0. 

In fig. 5, if PP' is an elemental arc of the curve, 
and if the tangents at P and F intersect in T, Y'TY=S<I>, 
and KV = TKS<I>, neglecting infinitesimals of the second 
order. 

But Sp = OF'-OF = irF to the first order; 
therefore ultimately dp = P Yd(f>, 

when measured in the direction PP', 
In fig. 6, 

8p = OF-OF=-^F=-rirS0, 

80 that OZ = — j^ > when measured in the direction P*P, 

and is therefore -^r in the direction PF. 

dj> 

In fig. 7, 

Zp^0T^07^-KY^-TKhit>, 

80 that 0^ = -:^, 

(Up 

measured in the direction PF, 



8 ROULETTES. 

And in fig. 8, 

Sp = KY'=TKS<f>, 

therefore OZ = 37 , measured in the direction P'P, and this 

— ^ in the direction PP'. 
cUj) 

Again, in fig. 5, 

B8 = PT+TP'^T7--PY+P'T-T7' 

and radius of curvature = -r; =p + -rn • 

In fig. 6. S8 = PY-T7+TT'-P'7' = -S.P7+KT' 

ds _ cPp 
In fig. 7, &r = rr - PY+ FY' -TY' = 8.PY- KY' 

and in fig. 8, 

Ss^PY-TY+TT^P'T^'-S.PY'-KY 



^M-P^\ 



80 that jt = — /> — j^ • 

The cases of figures 5 and 7 are sufficient for the 
argument ; the other cases are given for fullness of illustra- 
tion. The same results are obtained by analytical methods, 
as in Todhunter's Integral Cakulua, Art 90. 
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12. If <^ is the inclination of the tangent, or the 
normal, to any fixed direction, and if p is the perpendicular 
from a fixed point on the tangent to a curve, the relation, 
p= /{(!>), is called the tangential polar equation of the 



curve*. 



We may remark that if is the inclination of the normal 
to a fixed line, p and (j) are the polar coordinates of the point 
Y; so that, putting r and for p and </», the polar equation 
of the pedal curve is 

r =f(d). 

For instance, the polar equation of the pedal of an ellipse 
with regard to its centre is 

r* = a"cos*^ + 6"sin"^; 

so that the tangential polar equation of an ellipse, referred 
to its centre, is 

jP' = a^ cos' + 6* sin' <f), 

13. We may observe that the intrinsic equation is at 
once obtained by integrating the equation 

ds _ d/^p 

the right-hand member being expressed in terms of 0. 

For instance, if OF is the perpendicular from on the 
tangent RQ of a cycloid, (fig. 4), OT=OR sin ^ and 
therefore p = 2ad> sin <^ is the tangential polar equation of 
a cycloid referrea to its vertex. 

Hence ;j;r = ^a cos (f>, and « = 4a sin <f>, 

14. To find the tangential polar eqvMion of the roulette 
traced by a point 

Let fall OY, OZy perpendiculars on the tangent QT and 
the normal QP (fig. 10). 

* This title was suggested by Dr Ferrers. {Cambridge and Dublin 
Mathematical Journal, 1855.) 



10 BOULETTES. 

Let OY^p, and YOT = <^. 

Then jo = r — OP cos 0, 

= r — « cos <f>, 

rdO 
whence, having r and 8 in terms of 0, and tan ^ being -v- , 

we can eliminate r and d and get the relation between p 
and 0. 

Or, without finding the arc, we have 

^ = 0^ = P^ tan <^ 

= (r — p)tan<^, 

and, eliminating between this equation and 

d0 
tan0 = r^, 

we get the differential equation, in p and ^, of the roulette. 

16. Ex. 1. To jind the roulette traced by the fotyus of 
a parabola rolling on a straight line. 

In this case — = 1 + cos ^, 

r 

the point A (fig. 2), being the vertex of the curve, and 
Q the focus ; 

_ ax 

:. tan QPiV = cot 5 = -5- , 

and y^ninQPN — 



C08^ 



dx\* a* 



foxy _ a 

whence, by integration, 

y = ^(€- + 6-). 

That is, the roulette is a catenary. 



a 
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Ex. 2. The curve r = a versin 6 rolls on its oasis ; re- 
quired the locus of its pole. 

Taking the second system of equations of Art. 10, and 
observing that 

QPN^^, and « = 4a f 1 — cos^); 

we find that 

(0\ 6 

1 — cos 5 J — a (1 — cos 6) cos ^ 

= 4a-2aco8f(2 + 8in«|). 

and y = 2a sin' ^ ; 

whence 4a - a? = >/(2a)* - y* {2 (2a)' + y\ 

16. If the roulette be given in terms of x and y, we can 
at once find the rolling curve. 

For, Art 10, 

, dx 

p = y,B.ndp=^r-^. 

Hence, if y=f(x) be the roulette, we can eliminate 
X and y, and find the equation, in p and r, to the rolling 
curve, referred to the carried point as origin. 

Ex. 1. If the roulette be the catenary 

dx c ^ c re 

-7-= -, and p = r. - = — , 
ds y ^ y P 

,\ p^ = rc, 
that is, the rolling curve is a parabola. 
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Ex. 2. If the roulette be 

y* = 4t<ix, 



©■-(S)'--(l)"->-^'^ 



the involute of a circle. 

Ex. 3. If the roulette be 



the curve is 



— I- — = 1 
^ a 



an epicycloid (Art. 22). 

Ex. 4. If the roulette be 

the curve is 

17. i2(mZe^^ of circles. 

The equations in ^ and y, or in polar coordinates, of 
the roulettes produced by circles rolling on straight lines or 
on circles are at once obtained from figures. Thus, in the 
case of the cycloid, if ON^x, and PN=y (fig. 4), 

x^a — a cos 6, y^a0 + a sin 0, 
and therefore y = a vers"^ - + J2ax — a?, 

is the Cartesian equation of a cycloid. 

Again a cardioid is the roulette produced by a point in 
the circumference of a circle rolling on an equal circle, and 
if P, the tracing point, starts from A (fig. 11), and if ON=x, 
and PN=y, the cardioid is given by the equations 

a; = 2a cos ^ — a cos 20, y = 2asin — asin 20. 
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If AP = r, we at once get the polar equation of the 
cardioid referred to its cusp, 

r = 2a(l-cos^), 

PQ being the diameter through P, the point Q traces out a 
cardioid of which B is the cusp, and if jSQ =: r, its equation is 

r = 2a (1 + cos 0). 

Again, since 

BF=-BE-\-EF=2acos0+2a(l-c6a0)=:2a, 

the locus of jP is a circle, centre B and radius AB, and FP 
is the tangent at F, 

Hence it follows that the cardioid described by the point 
P is the pedal with regard to A, of the circle, centre jB and 
radius BA. 

18. Epicycloids and Hypocycloids. 

An epicycloid is the curve traced by a point in the 
circumference of a circle rolling outside a fixed circle. 

A hypocycloid is the curve traced by a point in the 
circumference of a circle rolling inside a fixed circle. 

Thus for an epicycloid, if a and b are the radii of the 
fixed and rolling circles (fig. 12), and if 

AOP = 0, QGP = '!^; 

,\ a? = (a + 6) cos ^ — 6 cos , 0, 

y = (a + b) am0 — b sin —j— 0. 
For a hypocycloid we obtain in the same manner 

n ^ h 

x = (a — b) cos -{-b cos — j— 0y 
y = {a — b)sin0'-b sin —7 — 0, 
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19. The area swept over by the radius vector is most 
easily found by help of these equations and the expression 

which is at once obtained from figure (13) as follows. 

If OP, OQ are consecutive radii of a curve, a?, y the 
coordinates of P, and x + dx, y + dy, of Q, the elemental 
triangle 

OPQ = OQL - OPN^ PL - PQR 

= -^{x + dx)(y + dy)-^xy-ydx-^dx.dy 

^^{xdy-ydx\ 
and therefore the area swept over by the radius vector 

For instance, in the case of a cycloid (fig. 4), the area 
swept over by OQ from the vertex to the cusp 

^^{{QN.d.ON-ON.d.QN) 

= ^n(5 + sintf)sind-(l-cos^)(H-cos^)}dd 

1 . 

= 27ra. 

Adding Tra', and doubling the result, we obtain the area 
between the curve and the straight line joining two 
con^utive cusps. 

20. The roulettes traced by the centres of circles rolling 
on curves belong to the class oi parallel curves. 

If b is the radius of the circle, and if x, y are the 
coordinates of its centre, and a/, yf of the point of contact, 

a? = a?' + 6co8<^ and y = y' + 6sin^, 

where ^ is the inclination of the normal to the axis of x. 
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Or, if the given curve be p =/(^), the parallel is 

P =/(*) + b. 

Thus the parallels of a parabola referred to its focus and 
of an ellipse referred to its centre are respectively 

|> = a sec ^ + d, and p = J a* cos' <f> + b* sin' ^ + d. 

21. To find the tangential polar equaMon, and the 
intrinsic equation, of an epicycloid. 

In fig. (12), let OA =-a,CP = 6, and J. OP = 0. 

Then, if Q is the point tracing out the epicycloid, QD is 
the tangent at Q, and taking <^ as the deflection of the 
tangent at Q from the tangent at A, ^ is the inclination of 
0!r the perpendicular p on the tangent at Q, to the fixed 
line OB at right angles to OA, 



From the figure, 

26 



<^-^ = 0DQ = Jp(7Q = ^, 



a0 
and .-. p = (^a + 26) sin ^ . 

But * = ^^. 

/ rki\ • aq> 

is the tangential polar equation of the epicycloid. 



Hence ^ = (a + 26) (l - ^-^^.) sin - 



+ 26 



46 (a + 6) . a4> 

— — ^^ ^ sm - 



a + 26 a + 26'' 

46 / 7 \ /t a^ 



and therefore 8 = — (a + 6) f 1 — cos ^t ) , 

a ^ ^ \ a + 26/ 

measuring the arc and the deflection from the cusp A and 
the tangent at the cusp. 
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Hence a : 2ver8.arcPQ :: 2.0(7 : OP, 
the form given in the Principia, section x., prop. XLVIIL 

We may observe that the radius of curvature of the 
epicycloid at Q 

22. To find the equation, in p and r, of an epicycloid. 
If OQ^r, we have, from the triangle OCQ, 

r« = (a + 6)" + 6'-26(a + 6)cos^ 

= a' + 46 (a + 6) sin* |r 

= a' + 46(a + 6)^-^^. 

and therefore p' = -n-; ^r (^ — o^)- 

'^ 46 (a + o) 

23. The hypocychid. 

If a circle of radius 6 roll inside, or, more generally, with 
its concavity in the same direction, on a fixed circle of 
radius a, and if (fig. 14) Q is the tracing point, QE is the 
tangent at Q to the hypocycloid. 

Supposing Q originally at A, so that OA is the tangent 
at the cusp A, let ^ be the deflection of the tangent at Q 
from the tangent at A, 

Then, if AOG=^e, 

p = OF=(a-26)sinCJS?(2 = (a-26)sin^; 

but g = C^Q = ^ + 0, .•.^ = ^*, 

and p = (a-26)sin^^g. 
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Since the curve is convex to the point 0, 

ds _ ePp _ 46 (a — 6) . a<f> ^ 

d0""~-P""d^»"" a-26 ^^^^^^26 ' 

and 46(a-6) / a<^ \ 

a — 26 V a — 26/ 

If 6 > a, this may be written in the form 

^ A /I V a + C6 — a) . a4> 

= — 4(6 — a) s^r — ^sm ^ 



d^ ^ ^a + 2(6-a) a + 2(6-a)' 

so that, when 6 > a, the hypocycloid is identical with the 
epicycloid generated by a circle of radius 6 — a rolling 
outside a circle of radius a. ' 

This can also be seen by direct geometry; for if PQ 
meet the fixed circle in R (fig. 15), let OR produced meet 
DQ produced in E; then RE is the diameter of a circle, 
touching at R and passing through Q. 

The angle FQR = FRQ = RPO ; therefore FQ is parallel 
to OP; and 

ZREQ = '^^ERQ = PDQ; 

:. RE=0E-'0R = 2{b- a), 
and OF=b = GQ, so that OF is parallel to CQ. 

Hence arc J2Q = (6 - a) . POR = (6 - a) PGQ 

= (6 — a) . -r- = arc RA, 

so that the point Q, carried by the circle Fy will produce the 
hypocycloid. 

24. It may be useful to give the several equations for 
the case of a three-cusped hypocycloid, or tricusp, a curve 
possessing many remarkable- properties. 

* The p and r equation is p'^=^^ — rT(a^-»^)» and, if 26 =a-c, this 

^ 46 (a - 6) 

becomes p^ = -^ 5 (a^ - r% the form given by the Jesuit Fathers in the 

notes to Prop. li. of the Principia, 

B. B. 2 
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If AOP = 0, and if 6 is the angle of deflection from OA, 
the tangent at A, of EQ the tangent at Q (fig. 14), 

(2CP = 3^,and0 = P^(2-POil = y-^ = |. 

Taking 3o as the radius of the fixed circle, 
p = 07=0^ sin C^Q = csin^, 

/. p = csin3^, 

is the tangential polar equation of the tricusp, referred to its 
centra 

The curve being convex to the point 0, 

/. « = fc (1 — cos 3^), 

is the intrinsic equation of the tricusp, measuring 8 and <f} 
from a cusp and the tangent at the cusp. 

Writing^ H-'^ for ^, and assuming that 8 and y^ vanish to- 
gether, we obtain 

« = |o8in3'^, 

which is the intrinsic equation of the tricusp referred to the 
middle point between two consecutive cusps, and the tangent 
at that point. 

Again, from the triangle OCQ, if OQ = r, 

on 
r^ = 4c* + c* + 4c*cos3^ = 9c'-8c»sin'y, 

is the equation, in p and r, of the tricusp. 

26. Propertie8 of the tricusp. 

(1) The portion of the tcmgent within the curve ie of constant 
length, and the locus of its middle point is the circle inscribed 
in the curve. 
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Let A he a, cusp of the tricusp described by the point P 
(fig. 16). 

If EQ is parallel to DP, the point Q is a point on the 
tricusp. 

For, since the inclination of DP to OA is 20, it follows 
that DP turns round twice as fast as OD, and in the 
contrary direction, and therefore that Q is the position of P 
when OD has turned through two right angles. 

PQ is equal to DE and is therefore of constant length, 
and if OBT is parallel to DP, B is the middle point of PQ, 
and the locus of B is the circle centre and radius OB, 

Now describe the circle, diameter BT, and draw TC 
perpendicular to PQ, 

Then CP5 = 2(|-0£p) = 7r-2(7r-3e) = 6^~7r. 

.-. arc TBC= 6c0 = arc TA, since AOB = 20. 

,'. the point is a point on the tricusp, and PQ is the 
tangent at 0. 

(2) The distance between the centres of curvature corre- 
sponding to the intersections of the tangent with the curve is 
constant. 

If K is the centre of curvature at P, in PR produced, 

Oil 

Pir = 8csin3<^ = 8csin^ = 4PiJ. 

and, if K* is the centre of curvature at Q, QK' = 4Qflf. 
Hence it follows that KK is parallel to PQ, and that 

KK = PQ-\-4^SL=^&8L, 
so that KK^ is double the diameter of the fixed circle. 

26. (3) The envelope of the pedal line of a tria/ngle is a 
tricusp, 

(Quarterly Journal of Pure and Applied Mathematics, No. 38, 1869.) 

Taking any point P in the circumscribing circle, centre 

2—2 
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0, let PKy PL be the perpendiculars on the sides AG, AB, 
and NY the perpendicular from If, the middle point of 
AC, on KL, which is called the ' pedal line/ 

Then if ONY= 4>, and COP = 6 (fig. 17), 

'^-<l> = LKP = LAP = A-^0, 

and NY =NK Bin <l> 

= iisin^8in(£+ 2^ + 2^-7r), if OP = ii, 

= I [cos {^ - (C - ^)} - cos {30 - (C- ^)}]. 

Now, if C be the centre of the nine-point circle, 

ON(y = C-A, 
and therefore, taking p as the perpendicular from 0' on ZJT, 

p = -|co8{3^-(0-^)} 

JR 

= — -^COsSi^', 

changing the initial line. 

This is the 'tangential polar' equation of a three-cusped 
hypocycloid, generated by a circle of radius ^ rolling inside 

a circle of radius-^ . 

Hence tke envelope of the pedal line of amy triangle is a 
three-cusped hypocycloid, the centre of which is the centre of 
the nine-point circle. 

We may remark that if KP be produced to meet the 
circle in p, the line Bp is parallel to KL ; a simple method 
is thus found of constructing the various positions of KL. 

The question considered is a particular case of the follow- 
ing problem : 
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Perpendiculars PK^ PL are let fall on two fiaced straight 
lines OAy OB ; given the locus of P, it is required to find the 
envelope of KL, 

To do this, let p, the perpendicular from on KL^ make 
with OA the angle ^, and let POA =^e,AOB = a. 

Then p = O^cos <f> = OP cos cos <f> ; 

and 4> = LKP=^L0P = a-e; 

therefore if OP =f(0), 

p =/(a — <l>) cos (a — <f>) cos <f> 
is the equation to the envelope. 

The problem of the * pedal line' has been discussed in this 
Journal, by Messrs. Greer, Walton, Ferrers, and Griffith; 
it was, I think, first pointed out by Mr. Ferrers that the 
centre of the tricusp is the centre of the nine-point circle. 

27. It may be noticed that the trilinear equation of the 
tricusp, referred to the triangle formed by the three cusps, is 

111/. 

Va vp V7 

that its tangential equation is 

(u + v + wf = 21uvw, 
and that its reciprocal polar with regard to its centre is 

r sin 3^ = c. 



Curves rolling on fixed curves, 

28. Tofmd the path of any given point in the area of a 
plane curve which rolls on a fixed curve. 

If O'P be the rolling curve, 0' having been coincident 
with 0, fig. (18), let X, y, be coordinates of P referred to the 
normal and tangent at 0, and x\ y\ referred similarly to 0' ; 
^, <f>\ the angles which the normal at P makes with the 
normals at 0, 0'. 
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Then, if a, )8 are the coordinates of 0', referred to 0, 
a = y' sin (^ + 0') — x' cos (^ + ^') — a?. 

)8 = y-y'cos(<^ + <^')-a?'sin(<^ + <^0> 

and, as the right-hand members of these equations can be 
found in terms of the arc OF («), the relation between a and 
/3 can be found. 

If Q be a point, the coordinates of which, referred to (X, 
are (a, 6), and if f, ^, be the coordinates of Q referred to 0, 

f = a — a cos (^ + 0') — 6 sin (^ -h ^') 
^ = /9 + asin(0 + ^') + 6cos(<^ + 0'). 

29. If QP = r, and TQO' = ^, the relation between r and 
is the polar equation of the rolling curve referred to Q and 

Taking ^ and t\ as the coordinates of Q referred to 0, and 
-^ as the angle Q^iV, 

fssrcos-^ — a?, and lysrsin-^-f y. 
Now tani^ = -^, and tanPTO^^, 

/. r^ = tanQPT=tan(PiE?rH-Pr^ 

dy^d| 

If the fixed and rolling curves are given, -7- can be formed in 

terms of r, and -^ in terms of x, and then the elimination of 

X and r will give the differential equation of the locus of Q. 

If the locus of Q and the fixed curve are given, the 
elimination of x and ( will give the rolling curve. 

If the locus of Q and the rolling curve are given, the 
elimination of x and \^ will give the fiixed curve. 
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30. A curve rolls on a straight Une; it is required to 
find the curvature of the path of any point carried with it 

Let QP, QfP' be consecutive normals to the path of 

Q (fig. 9). 

Their intersection E is ultimately the centre of curva- 
ture. 

Let Q'P' be the changed position of Qp. 

Then Q'LQ = the angle through which the curve has 

turned 

= the angle through which the normal at P 
has turned 

is 
= ■— , if p be the radius of curvature at P ; 

P 
••^^" z,E -QLQ-LQP 

_ P 



OS Ss . cos a ' 



p r 

if a be the angle between QP (r) and the normal at P, 

r — p cos a ' 

ultimately, observing that since the displacement of p from 
P' is of the second order, we may in this case assume that 
p and P' are coincident ; Arts. (3) and (4). 

Thus, in the case in which the roulette is a cycloid, 

r = 2a cos a, and p = a; 
.-. EQ=^2r = 2PQ. 

31. The focus-roulettes of a conic section on a si/raight 
line. 

Let Q, fig. (9), be the focus of a conic rolling on a 
straight line. 
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Then p cos a is the chord of curvature through the 
focus. 

If the conic is an ellipse, 

CD" r(2a-r) 
pcosa=^ = — ^— , 

and therefore; if p' be the radius of curvature] of the focus- 
roulette, 

§ \^ • 

p r a 

If the conic is an hyperbola, 

r (2a + r) 
p cos a = -— ^^ 

and therefore -, + - = — 

p r a 

shewing that the roulette is convex to the straight line. 
If the conic is a parabola, 

p cos a = 2r, 
and therefore p' = — r, 

the known property of a catenary, the directrix of which 
is the straight line. 

We can however deduce the equation of the catenary. 

For, if ^ is the inclination of the tangent at Q to the 
fixed line, ^ = a, 

and — = 1 — cos 2 ( |^ — ^ j = 2 cos* ^. 

Hence /M ~ ^ ^ ^ ^^^ ^' 

and therefore 8^ a tan ^. 

32. The preceding formula may also be obtained by 
help of the equation 
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For (fig. 19), if OPQ = 0, and OF==AP = 8, 

p = r — 5 cos <^, 

and ^= OZ = 8 sin <f>; 



cPp , ds 

.'. p + 3^8 = r + sin 



d0« • ^^^'*'d(f>' 
But if AQP = e, and AJ?T = i^, 

therefore radius of curvature of roulette 

J • d0 . . J ds 

and since r -i- = sm ^, and ^— = p, 

XT.- . cos a r* 

this = r + 



1 1 r — p cos a 

cos a '^ 

p r 

We may observe that the curvature of the roulette is 
zero if r=pcosa, that is, if the point is situated on the 
circle of which p is the diameter. 

33. The following theorem is of great importance. 

If a cv/rve roU on a fixed curve over a small arc Ss, the 
angle turned through by any line in the plane of the rolling 

curve w Ss f - + -/ ) , where p and p are the radii of curvature 

of the fixed a/nd rolling curves. 

Let Pp = PF = Ss, fig. (20), and let the normals OP, 
O'P', meet in L. 

Then, since OP turns into the position KLP', the angle 
OLK between the lines is the angle required, and this angle 

^pop+p'ap 

Bs Ss 
= — + -7. 
P P 
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If the concavities are in the same direction, and if the 
rolling curve is inside the fixed curve the angle turned 
through is 

\p pJ 

but, if the rolling curve is outside the fixed curve, the angle 
turned through is 

34. A cwrve rolls on a fixed curve ; to find ths curvature 
of ike roidette traced by any point carried with it. 

Q being the carried point, the angle QLQ^ = the angle of 

displacement = S« f - + — A (fig. 21). 

^^~QEQr-QLQf-PQL' 

and, since the displacement of ^ is of the second order, 

j,^- PP' cos a S«cosa 
J'QL p^ —. 

taking a as the inclination of QP to the normal at P. 

r(- + - ) 

^ 1 1 COS a 
P 'p'^'T' 

If the curve roll inside the fixed curve the expression 
will be 

1 1 cos a ' 

p"? ^ 
We observe that the curvature of the roulette vanishes if 

r = PP cos a/(p + p'\ 

and therefore there is a point of inflection of the roulette if 



tlOULETTES. 27 

the point P is situated on the circle of which pp7(P + P) ^® 
the diameter. 

35. Beferring to the same figure, let ^ be the inclination 
of QP to the fixed normal OF, A the point which has passed 
over 0, ilQP = ^, QP = r. 

Then, if r = f(0) is known, and if 5 = P{<l>) is the equa- 
tion of OP, EQ can be found in terms of e and therefore 

of 0. 

Also *^ = — a ; 

.'. -ry or EQ can be found in terms' of '^, and this gives the 
intrinsic equation of the path of Q. 

36. Thus, for an epicycloid, 
radius of curvature of path of Q (fig. 12), 

1 1 



1 1 cos a 



1 1 

a"^26 

Again, take the case of an ellipse rolling on an equal 
ellipse, corresponding points being m contact, and consider 
the path of a focus 8. 

If P be the point 'of contact, 

PF , GD" 

cosa=-2^, p = p=pjp', 

2— SP 

'' ^"277 77" "^"^^^ 

"gP""Zc7sp 

as is d priori obvious. 
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37. If a curve roll on a straight line, the arc of the 
roulette is equal to the corresponding arc of the pedal. 

The angle turned through (fig. 22), 

= angle between normals at P and p, 
= TQY'; 
.-. arc QQ = QP. 7Q7' 
= QT. 7Q7- 

77' 
= 707' = 77' • 

sin FQF''^ ^' ' 

QT being the diameter of the circle about 7Q7'. 

Or thus, if QF= y, 

I = cos QPF. 
and if (T = arc of pedal, y being the radius vector, 

^ = cos (2FZ= cos QPF; * 
.'. cfo = da. 

38. If a curve roll on a fixed curve, the element of arc 
of the roulette is to the corresponding arc of the pedal as 
p-\- p : p', p being Ihe radius of curvature of the rolling curve, 
and p' ofthefi^ed curve. 

Imagining the line OT to be the fixed curve (fig. 22), 
the angle turned through = efo f - + - ) ; 



.-. QQ' = QP.d8(^ + j). 



.p p 
Also, QT being the diameter of the circle 7Q7, 

77' = QT. sin 7Q7' - QP.-; 
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Hence the length of the arc of the roulette 

where da is an element of the arc of the pedal. 

In the case of cycloidal, or trochoidal curves, p and p' 
are constant, and the arc of the roulette is proportional to 
the arc of the pedal. 

In the case of a curve rolling on an equal curve, corre- 
sponding points being in contact, the arc of the roulette is 
always double that of the pedal. 

Also the roulette of any point is similar to, and double 
of the pedal. 

39. If a curve roll on a straight line, the area between 
the roulette, the fixed line, and any two ordinates, is double 
the corresponding pedal area. 

For, if Y'N be the perpendicular from F' on P F (fig. 
22), the element of area = QY , TN, neglecting infinitesi- 
mals of the second order, 

= Qr. rr. cos TFF 

= QF. FF'. sin QFF' 
= 2AQFF'. 

Or thus, if a?, y be co-ordinates of Q, 

?^ = y sin QPF=y sin QF^=QZ =2?; 

.-. ydx = pds—pd(r 

= 2 (element of polar area). 

40. To find the area swept over by the normal QP. 

Taking figure (22), let QP = r, PQp = S0, and S<^ = the 
angle of deflection from P to p, which is equal to the angle 
between Qp and Q'P'. 
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Then the area QPF Q' = QPP' + QFq 

= QPp + QpQf, 

observing that pP* is of the second order, 

therefore the area between the roulette, the fixed line and 
two normals 

If the curve be a closed curve and make one revolution, 
this area = area of curve + o / ^d^- 

Hence, if the rolling commence when QP is perpen- 
dicular to the fixed line, 

1 r ^ 

2 (area of pedal) = area of curve + ^ I 7^dif> ; 

or area of curve = I (p* ^ o^j ^• 

Take for example the case of a cycloid 
The area swept over by QP, fig. (4), 



= 3a« fees' | dtf = ^* (« + sin 0\ 



and, if ^ = TT, this = ^ ircP, 

so that the whole area of the cycloid is S^ra'. 

41. A curve rolls on a fixed curve ; to find the area 8wept 
over by the normal QP. 
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If the arc Pp^PF (fig. 23), then, pF being of the 
second order, 

area QPFQ = QPp + QpQ 
therefore area swept over by QP 

Hence, if the curve be a closed oval, and if it make a 
complete revolution, the area between the arc of the roulette, 
the two normals at its ends, and the curve 

w 

= area of curve + ^ I'l^is ( - + — ) . 

42. To find the locus of the centre of curvature at the point 
of contact of a curve rolling on a straight line. 

Let a?, y be co-ordinates of the centre of curvature, then, 
it s=f(<f>) be the rolling curve, 

a) = s =/(^), 
and y = P=f (0), 

whence, eliminating if), the locus is obtained. 

Thus, if the curve be an epicycloid, or hjrpocycloid, the 
locus is an ellipse. 

If it be a catenary, the locus is a parabola, and if it be an 
equiangular spiral, the locus is a straight line. 

43. If the curve roll on a fixed curve, s = F((f>'\ and 
if s =f(4>) be the rolling curve, 

a?=0Jf+/5 8in<^'(fig. 24), 

y = p cos <^' — PM ; 

therefore, if OM and PM can be found in terms of <l>, we 
have, with f (<!>) = F (<!>'), three equations from which if) and 
if) may be eliminated. 
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Suppose, for example, the curves to be equal catenaries, 
their vertices at first coincidiug. 

Then, p = csec'^, and Pif=csec0 — c; 

.'. y = c. 

The locus is therefore a straight line, as is d priori 
obvious, if we remember that the normal bounded by the 
directrix is equal to the radius of curvature. 

If the curves be equal cycloids, their vertices at first 
coinciding, 

OP = 4a sin ^, PE= 4^ cos <f>, 

OM = a (2<l>-^ sin 2(f>), and P2f = a (1 - cos 2<^). 

/. Oi\r=2a0 4- 3a sin 2^, and N'E = a + Sacos2if), 

so that the locus of jS is the same as the locus of a point 
carried by a circle of radius a rolling on a straight line, the 
point being at the distance 3a from the centre of the circle. 

44. To find the length of the curve formed by the 
successive positions of the centre of curvature we may 
proceed as follows. 

Let Q be the centre of curvature at P, q at p, and Q' the 
position of q when the curve has rolled from P to P', so that 
QQ' is an element of the locus (fig. 25). 

Then q may be taken to be in the normal PQ, since its 
distance from PQ, the tangent to the evolute at q, is an 
infinitesimal of the second order. 

Hence, if PQ = p, and if p be the radius of curvature of 
the fixed curve at P, 

Qq = Bp, qQ^ip + p')^, 

r 

and the inclination to PQ of the tangent at Q 

pdp 
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Also, if QQ = B<r, 

Hence we can find the intrinsic equation, for if y^ be the 
inclination of the tangent QQ' to the tangent at a fixed 
point 0, 

^ being the deflection of the fixed curve from to P. 

As an example, again take the case of the equal cate- 
naries; then 

p=s p' = c sec*0, & = pS(l>, 

IT 

and -^ = <^ — - + tan"^ (cot ^) = 0, 

so that QQf is parallel to the tangent at 0, as already seen. 

45. Envelope Roulettes, 

We have hitherto considered only the roulettes produced 
by points carried with a rolling curve ; we now proceed to 
consider the roulettes enveloped by lines carried with a 
rolling curve. 

A curve rolls on a straight line, tofmd the envelope of any 
straight line carried with it 

If P be the point of contact, and PQ the perpendicular 
let fall from P on the carried line, Q is the point of contact 
of its envelope (fig. 26). 

Let pq be the perpendicular from a consecutive point o, 
then as the curve rolls over PP^, q is carried to Q', and if co- 
he an arc of the roulette enveloped, 

S<r = Qq + qQ 

= sin if>hs 4- rS^, 

if OPG = i^, and PQ = r. 

B. B. 3 
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Hence the radius of curvature = -n 

d4> 

. . ds 

= r + p sin ^. 

For example, consider the roulette produced by a diameter 
of a circle rolling on a straight line. 

Then r = a sin ^, p = a, 

and the roulette is a cycloid. 

Ex. 2. A parabola rolls on a straight line, it is required 
to find the envelope of the htus rectum. 

In this case, p sin ^ = i8P (fig. 27), and 

PQ^a-x', 
■J 

.'. -Tj^ = a — a? + 2 (a -1- a?) 

= 3a + a cot*^, 

.'. = 2a + a cosec"^ ; 

.•. a- = 2a^ — a cot ^ + C, 

and the length of the roulette between the two points at 
which it cuts the fixed line, i.e. from 

0= - to <^ = -4 , 18 (7r + 2)a. 

46. The tangential polar equation may be obtained, 
directly. 

Thus, if « = OP = arc AP, and p = OY the perpendicular 
on the carried line, 

j> = r ~ « cos ^, 

whence the equation, if r and s be known in terms of ^. 
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Or, if s only be known, and OZ be the perpendicular 
on PQ, fig. 26, 

and therefore -^ = s sin ^. 

Hence the radius of curvature 

f . , ds 
= r — » cos <p + s cos <p + sin <p -j-T 

= r + /5 sin 0, 
as before. 

47. A curve rolls on a given curve, carrying a straight 
line; to find the roulette enveloped. 

Making the same construction as before, and observing 
that the displacement of p is of the second order (fig. 28), 

= Ss cos a H- rSif), 

where S^ = &(-4- -,), PQ=r and a is the inclination of 
PQ to the normal at P. 

Hence the radius of curvature of the roulette at Q 

da op' 

= ^-, = r + cos a -^-^-—, , 

d<f> P + P 

and if r, a, p and p' can be found in terms of the angle which 
PQ makes with some fixed line, the intrinsic equation can 
be found. 

If the concavities are in the same direction, the expres- 
sion for the radius of curvature of the envelope roulette is 

PP' 
r + cos a -p^— 



P -P 

3—2 
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48. Example. A circle rolls outside a fixed circle; to 
find the length of the curve enveloped by a diameter. 

If AD be the diameter, A passing over A', and if 
A' OP = (fig. 29), 

P0 = 68in^, 
and -Ti = 6 sin ^- + cos CPQ 



d<l> b a + 6 

V + 2ab . ad 
a + 6 6 

The angle of deflection of AD from OA' 

d<r V + 2db . a6 , . 

09 a + b a + b ' 

, fc* + 2a6 /- a^\ 

and c — ( 1 — cos — ^ ) , 

a \ a + bj 

measuring firom A'. 

Taking a half roll of the circle, that is fivm = to 

irb 
= — , we get the length of the arc fix)m one cusp to the 

next, which is therefore 

2-(6 + 2a). 

a ^ ' 

Comparing the equation (a) with that of Art. (21), we 
observe that the envelope of AD is the epicycloid which 

would be produced by a circle of radius ^ rolling on the 

circle 0. 

This can also be seen geometrically, for, describing a 
circle on PG as diameter, the arc Pi^ is equal to the arc rA^ 
and therefore to the arc PA\ 
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49. A curve rolls on an equal curve, corresponding points 
coinciding; to find the envelope of any normal of the roUing 
curve. 

Let <l> = BTQ (fig. 80), and measure yft from the tangent 
at 0, the point corresponding to A, 

Then, for the envelope of the normal at A, 

-^ = r + cos a| , Art. (47), 
and, if s =/('^) be the curve, 

r=\ cos yjtds, p =/' (^), and = 2-^ ; 

J 

■■■i=/:-t/'(tw+i«4/'(t). 

For example, let a circle roll on an equal circle ; then 

and <r = 3a f 1 — cos ^ j , 

a two-cusped epicycloid. 

Taking a half roll of the circle the arc is 6a, which 
agrees with the result in Art. (48), putting 6 = a. 

50. A curve rolls on a fi>xed curve; it is required to find 
the envelope of amy curve carried with it. 

If P be the point of contact, draw from P normals to 
the carried curve (fig. 31). 

Then, if PQ be one of these normals, it is the normal 
at Q to the envelope, and the other normals similarly belong 
to other portions of the envelope. 
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Let pq, the normal from a consecutive point p, roll into 
the position P'Qf ] then E, the intersection of PQ and P'Q', 
is the centre of curvature. 

The arc QQ' = &r= Qg + rS^, where r=^PQ and 

Let p'^ be the radius of curvature at Q of the carried 
curve; then 

Qq : & . cos a :: p" : r + p'\ 
a being the inclination of QP to the normal at P; 

and the angle PEP^ = 80 - % 

r 

^ /I 1\ ^ cosa 
therefore ^Q, the radius of curvature of the envelope, 



r + p \p pj 

11,^ COS a 

PP'^7T7' 

Making p'' infinite, this of course gives the formula of Art. 
(47), and if p" vanish, the formula of Art (34) results. 

If the various quantities involved in this expression can 
be found in terms of '^, the angle of deflection of PQ, the 
intrinsic equation is determined. 

If any of the curves instead of being convex, as in the 
figure, be concave, the signs of p, &c. must be changed 

51. Ex. 1. A curve roUs on another^ carrying a parallel 
curve. 

In this case, a = 0, r = d, and p'' = p — d. 

Hence EQ becomes d + p', a result which is obviously 
true. 



ROULETTES. 39 

Ex. 2. A circle, of radius c, rolls inside an oval curve. 

If Sa be an elementary arc of the envelope, and Bs the 
arc of the curve rolled over, 

8<r = 2cS4> - &, 
where 8^ = S5 f j , 

so that Scr = & — 2c — , 

P 

and therefore total length of envelope =p — 47rc, where p is 
the perimeter of the oval curve. 

Ex. 3. A straight line rolls on a fixed circle, carrying an 
equal circle with which it is in contact 

Let A' OP = (fig. 32), then 

r^-CP-a^aJYV^-a, 
a 1 

cos a = rT^ = 



OP Ji^' 



// 



p = oo, p =p =a, 
1 



da r:i:^+>/^ + ^'"-i 

and therefore j-r- = a - 

dy^ 1 «. 1 



=H — ^ — )' 



Also, if ylr be the inclination of PQ to 0-4', 

'^ = 0-a = e-tan-'e; 



This equation, when integrated, determines the length of 
the envelope. 
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If we put —a for p\ and CP + a for r, we shall obtain 
the other portion of the envelope due to the normal PQ\ 

62. A curve rolls on a straight line; to find the area 
between the straight line, the envelope of any carried straight 
line, and two normals of the envelope. 

The element of area PQQfP' (fig. 26), 

^PQqp + FqQf 

= rhs sin ^ + o r*S^ 

1 . 



= Up sin <^ + ^ r" j 8^, 



the integration of which expression gives the area if the 
intrinsic equation of the rolling curve be known. 

If the line PQ isil below the line OP, the element of 
area swept over wDl be 

irp sin ^ — 5 r^ j 8^. 

This however is included in the former, if we suppose 
r to be an algebraic expression for PQ, 

53. A curve rolls on another; to find the area between 
the envelope of any carried curve, any two normals of the 
envelope, amd thefiaed curve. 

The element of area = PQC^P" (fig. 31), 

where 8^ = &(- + -,). 

Hence the area swept over exceeds the area between the 
curve and the carried curve by / ^ f^d<^. 
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Thus in the case of Ex. 3 of Art. 51, 

and ^-^ = ^^-^^^7^; 

therefore the urea of the envelope exceeds the area APQ by 



|"|(2 + ^-2Vl + ^')d^. 



54. Adopting the notation of preceding articles, we can 
give an expression for the element PQqp (fig. 31). 

For this element 



-{lir+p'y-lp' 



J P 



and Bs" : Bs . cos a :: p" : r + p'' ; 

therefore element 

55. The following examples will serve as additional 
illustrations of the preceding methods. 

A cycloid rolls on a straight line; it is proposed to consider 
the roulette enveloped by the tangent ait its vertex. 

The cycloid is s = 4asin^, and for the envelope of J.Q 
(fig. 33), 

= 4a cos* — 2a sin* ^ 
s a + 3a cos 2^ ; 



, 3a . rt . 
.'. cr = a^ + -^ sm2^, 



measuring from 0. 
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To trace the curve, observe that there is a cusp when 

cos 2<^ = - - , 

i.e., when ^ is a little greater than -^, and that the curve 

cuts the initial line at distances 2a from : also that for one 
roll of the cycloid the curve lies wholly below the initial line. 

If the cycloid be continued, and the rolling go on con- 
tinuously, the next branch of the cycloid will give the next 
half of the roulette above the initial line, after which the 
successive branches of the cycloid will produce continually 
the same roulette. 

Further, the evolute of the roulette is 

« = 3a cos 2^, 
a four-cusped hypocycloid. 

The curve may be further examined by finding x and y, 
the co-ordinates of Q referred to 0, viz. 

j; = 4a sin ^ — 2a sin' ^, y = a sin ^ sin 2^. 
Fig. 34 represents the roulette, and its evolute. 
The element of area swept over by PQ 

= PQS« cos </>- 1 PQ'Si^ 

= 4a"8in«<^(2-38in"</»)S^, 

2 

which becomes negative when sin" ^ > ^ i or when 

cos 2^ == - g , 

i.e. at the cusp. 

2 
The integration from = to sin' ^ = o gives the area 

2 TT 

OET, and fix)m sin* ^ = „ to ^ = 5 the difference between 
the areas AET and GET. 
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If we wish to find the area enclosed by the roulette, it 
will be at once given by integrating the expression, 
1 
^ {xdy — ydx\ from ^ = to ^ = 5 . 

This expression 

= a" (6 sin* ^ — 4 sin* ^) d<f>, 
the integral of which between the assigned limits 

and the complete area inclosed by the roulette =^7ra', i.e. 
it is half the area of the generating circle of the cycloid. 

To find the length of the arc of the roulette, we must 

take ^ from to sin'^A/^, and then from <^ = sin"'*A/;r to 

IT 

^= ^, and add together the numerical values of the results. 
This will give one-fourth of the whole arc. 

If <f> be taken from to ^^ we obtain <7 = -^ , so that the 

difference between the arcs OE and EC of the roulette is one 
quarter of the perimeter of the generating circle of the cycloid. 

66. A circle rolls on an equal circle, carrying a tangent; 
it is required to determine the nature of the roulette produced 
by the tangent 

Let OY=p (fig. 35), AVP = ACP = 0, and TOA' = <l>, 
Y being the perpendicular on the carried line. 

Then p = 2acos0 — a, and <f> = 20; 

.•.|) = 2acos^ — a, 
the tangential polar equation of the envelope. 
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.-. {r = 3asin^ — a^, 

the intrinsic equation, measuring o- from il' 

Observing that the radius of curvature 

3a ^ 
= -gp cos ^ — a, 

2 

we see that a cusp occurs when cos d = ^ . There are therefore 

o 

two cusps, corresponding to the positive and negative values 

of ft 

When ^ = |, p = 0. 

When cos^ = K, it will be seen by a figure that the 

tangent passes through the other end of the diameter through 

P, and that the envelope then crosses the circle at a point V 

2a 
distant -^ from P. It will also be found that the tangent at 
o 

the cusp meets the diameter A'O in the same point T at 

which it is intersected by the envelope itsell 

Putting together all these considerations we obtain the 
figure (fig. 36), the curve being an involute of a two-cusped 
epicycloid. 

The element of area swept over by PQ, i.e. 

PQQ'F = r cos aSs - 1 r^B4> 

= rB0 (a cos a — r) 
= rS^ (2a cos ^ - a) 
=prS0. 
When 0>^, this expression is still the same if we write 

for p its numerical value a ~ 2a cos 0, and any portion of the 
area is thus found by a simple integration. 
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1. If a cycloid roll on the tangent at the vertex, the 
locus of the centre of curvature at the point of contact is a 
semicircle whose radius is four times that of the generating 
circle. 

2. Prove that a cardioid is an epicycloid due to the 
rolling of a circle, with internal contact on a fixed circle of 
half its diameter. 

3. The roulette, on a straight line, of the pole of an 
epicycloid is an ellipse. 

4. The roulette, on a circle, of the pole of an equiangular 
spiral, is an involute of another circle. 

5. When a curve rolls on a straight line, shew how to 
find the locus of the centre of curvature at the point of 
contax^t, and prove that, in the case of a cardioid, the locus is 
an ellipse. 

When a curve rolls on a fixed curve, prove that the locus 
of the centre of curvature of the rolling curve at the point of 
contact is inclined to the common tangent at the angle 
tan"* \pdpl{p-\' p)ds]y where p, p are the radii of curvature 
of the fixed and rolling curves at the point of contact. 

6. A curve A rolls on a curve B so that its pole describes 
a straight base, and the curvatures of A and B at the point 
of contact are always as ti to 1, estimated in the same 
direction. Prove that the radius of curvature of 5 is n — 1 
times the normal terminated by the base, and that the chord 
of curvature of A through the pole is to the radius vector 
in the ratio of 2 (n — 1) to n. 

Prove also that if A and B roll on a straight line, the 
roulette of the pole of A is the envelope of the base carried 
by jB, and that the radius of curvature of the roulette is n 
times the normal terminated by the same straight line. 

State what curves A and B are when n is, — 1, 0, 1, 2, 3. 
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7. A cycloid rolls on an equal cycloid, corresponding 
points being in contact ; prove that the locus of the centre 
of curvature of the rolling curve at the point of contact is a 
trochoid whose generating circle is equal to that of either 
cycloid. 

8. A circle rolls on a straight line; prove that the 
envelope of any carried straight line is an involute of a 
cycloid ; and trace the figures corresponding to the cases 
in which the distance of the carried line from the centre 
is greater than, equal to, or less than the diameter of the 
circle. 

9. A straight line rolls on the curve, 8 =f (0), carrying 
a straight line inclined to it at the angle a ; the envelope 
roulette is 

8 = sin af (<l>) + cos af (<f>). 

If the curve be an epicycloid, or hypocycloid, the envelope 
roulette is of the same class. 

10. The roulette, on a straight line, of the pole of the 
hyperbolic spiral, r^ = c, is 

dy _ y 
and of the pole of the curve, c*p = r^"*"*, is 

11. The roulette, on a straight line, of the pole of a 
cardioid is 

4a - a? = {2 (2a)* + y'} {(2a)* - y*}*- 

15 
and its area is -5-7ra*. 

12. A parabola rolls symmetrically on an equal para- 
bola ; find the path of the focus, and prove that the path of 
the vertex is the cissoid 
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13. An involute of a circle rolls on a straight line; the 
roulette of the centre of the circle is a parabola. 

14. The ellipse - = 1 4- e cos 5 rolls on a straight line ; 
the path of the focus is given by the equation 

y ds y" 
and the path of the centre by 

2a and 26 being the axes. 

15. The roulette, on a straight line, of the centre of a 
rectangular hyperbola is 

dx _ y' 

16. A cycloid rolls on a straight line ; the locus of its 
vertex is given by the equations 

a? = 2a (sin ^ — ^ cos <^), y = 2a<f> sin (f>, 

the origin being the point of the line over which the vertex 
passes. 

17. A curve rolls symmetrically on an equal curve, 
carrying an involute ; the envelope of this involute is an 
involute of the fixed curve. 

18. If a curve roll on a straight line, the curvature of 
a point roulette varies as ;t- (-), p and r being referred 
to the point. 

If the curve be 

- = 1 + sec a sin {0 sin a), 
the roulette is a circle. 
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19. The curve P'Q rolls on the curve PQ, P' passing 
over P ; the roulette of P' is, in the neighbourhood of P, 
a SQmi-cubical parabola, of which the parameter is 

p and p' being the radii of curvature at the point of contact. 

20. A catenary, s^c tan <(>, rolls symmetrically on an 
equal catenary ; the intrinsic equation to the envelope of its 
axis is 

cUr , , w — ilr C ^ ylr y^ 

T-r = clog tan — j-^ +2rtan~ sec^. 
dyfr ^ 4 2 2 2 

21. If an oval curve roll on a straight line, prove that 

the area traced out by any point in the curve will exceed 

1 rftr 

the area of the curve by ^ / r^d0, where r is the distance 

from of any point P of the curve, and if> the ansle which 
the tangent at P makes with some fixed line in the curve : 
apply this to find the area of a cycloid. 

22. If an oval curve A roll upon an equal and similar 
curve B, so that the point of contact is a centre of similitude 
for each, then the whole area traced out by any point when 
A has made a complete revolution, is twice the area which 
would have been traced out if the curve A had rolled upon 
a straight line. 

23. Test the formula of Art. (40) by applying it to 
an eUipse, measuring r from the focus. 

24. A parabola rolls on a straight line from one end 
of the latus rectum to the other; the length of the arc 
enveloped by the axis is 

2a log (2€). 

26. A parabola rolls symmetrically on an equal parabola, 
from one end of the latus rectum (4a) to the other ; the length 
of arc enveloped by the axis is 

2a log (46). 
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26. A diameter of a circle rolls on a curve ; the envelope 
of the carried circle consists of two involutes of the curve. 

27. A circle, radius b, rolls on a fixed circle of radius a ; 
the area between the fixed circle, and the envelope of a 
diameter for a half roll from one end of the diameter to the 
other is equal to 

"^"^ (3a + 6). 



•6» 



4a 

28. The lemniscate r^^a* cos 20 rolls on a straight line ; 
the tangential polar equation of the roulette produced by its 
pole is 

■^ +p tan = a tan <f) J sin ^ ; 

and the intrinsic equation to the envelope of its axis is 

-— = 1 5 sm 6 — 3 sm -g . 

# « / 2SV ^ 3/ 

29. A circle rolls on a fixed circle ; the envelope of any 
carried straight line is an involute of an epicycloid. 

30. A catenary rolls on a straight line ; the envelope of 
any earned straight line is an involute of a parabola. 

31. An ellipse rolls, symmetrically, on an equal ellipse ; 
prove that the whole length of the arc enveloped by its 
axis is 



^(i^lr_^,^^+3. 



32. A curve, carrying a point, rolls on a straight line, 
and then, symmetrically, on an equal curve ; prove that after 
rolling over the same arc in each case, the radii of curvature 
of the roulettes, and the distance of the point from the point 
of contact, are in Harmonic Progression. 

33. In the same case, if a straight litie be carried, the 
radii of curvature of the roulettes, and the distance of the line 
from' the point of contact, are in Arithmetic Progression. 

B. R. 4 
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34. If a given arc of a curve roll, first externally, and 
then internally, over the same arc of a fixed curve, the sum 
or difference of the arcs of the roulettes of the same point 
is independent of the nature of the fixed curve ; the sum, 
when the radius of curvature of the fixed curve, at each point 
of contact, is greater than that of the moving curve, and the 
difference, when the reverse is the case. 

The same independence also exists for the sum, or 
difference, of the areas swept over by the straight line joining 
the carried point with the point of contact. 

85. A parabola, latus rectum 4a, rolls on a circle of radius 
b, the rolling commencing at the vertex. Prove that when 
the parabola rolls to the end of the latus rectum the corre- 
sponding arc of the roulette enveloped by the axis is 

a (1 + log 2) + 3^ (272-1). 

36. An ellipse rolls on a straight line ; the length of the 
envelope of its axis between two consecutive cusps is 



^('-^'■>"*^)- 



37. Find the envelope roulette of the directrix of an 
ellipse which rolls on a straight line ; and prove that it has 

two cusps if the eccentricity is greater than J {Jb — 1), and 

that, if 6 < J (^/5 — 1), the length of the arc of the roulette, 
corresponding to a complete roll of the ellipse, is equal to the 
perimeter of a circle, the radius of which is equal to the 
distance between the directrices of the ellipse. 

38. The envelope roulette, on a straight line, of the 
axis of a rectangular hyperbola, is given by the intrinsic 
equation 

a , n/2 + 1 acos<& 

« + a == -7= log -1- — ^^^^ == + -> 



J 2, J 2 cos <l> + s/co82^ ^cos2^ 
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57. Glissettes are the curves traced out by points, or 
enveloped by curves, carried by a curve, which is made to 
slide between given points or given curves. 

Thus if an ellipse slide between two fixed straight lines 
at right angles to each other, the glissette traced by its 
centre is the arc of a circle. 

Again, if a straight line, of given length, slide between 
two fixed straight lines at right angles to each other, the 
glissette of any point in the line is an ellipse. 

In this case, if p be the perpendicular from the inter- 
section of the fixed lines on the sliding line (length 2a), and 
if> its inclination to one of the fixed lines, 

j} = a sin 2^ ; 

the envelope-glissette is therefore a four-cusped hypocycloid. 

58. A curve slides between two straight lines at right 
angles ; to find the glissette of any carried point 

Let the tangential polar equation of the curve, referred to 
the carried point, be 

p =/(^) ; 

then, if x, y be the perpendiculars from the carried point on 
the two fixed tangents, 

and the elimination of <\> will give the rectangular equation of 
the glissette. 

4—2 
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If the two fixed lines be not at right angles, but inclined 
to each other at an angle ir — a, and if oj, y be the oblique 
co-ordinates of the carried point, we shall have to eliminate 
^ between the equations 

X sin a =f(<l>\ y sin a =f{4> + a). 

Ex. An ellipse slides between two straight lines inclined 
to each other at an angle tt — a ; to find the path of the 
centre. 

In this case, we can write the equations in the form 
7? sin* a = a' cos* ( ^ "" 5 ) + ^' sin' (^ — «) » 

.y»sin*a = a*cos*(^ + |) + 6*sin*(^ + |), 

and the result of the elimination is 

{{a?^f) sin* a - a" - 6'}*+(^* - y*)* sin* a cos* a=(a* - 6*)*cos*a. 

59. The following theorem is of great importance. 

Any state of motion of a plane area in its own plane 
can he represented by a state of rotation about a point. 

Any plane area is fixed if two of its points are fixed; and, 
if the motions of two of its points are given, the motion of 
the area is given. 

We must observe, however, that we cannot assign an 
arbitrary motion to two points ; the restriction existing that 
the velocities of the two points in the direction of the line 
joining them must be the same. 

Suppose that two points P and Q are in motion in the 
directions PT and QV^ and that PE, QE are drawn perpen- 
dicular to those lines respectively, and meeting in E. 

It is clear that the motion of P may be represented by a 
state of rotation about any point in the line PE, and that of 
Q by a rotation about any point in QE. 

Hence, both motions are represented by a state of rotation 
about E. 
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This point E is called the iristantaneous centre of rotation, 
and the motion of any point R in the area is, at the instant 
considered, at right angles to RE. 

Thus, if a curve slide between two given lines, the 
intersection of the normals at the points of contact is the 
instantaneous centre. 

60. Any motion of an area in its own plane can he 
represented by the rolling of a certain determinate curve on 
another determinate curve. 

Let PQRS (iBg. 37) be the curve traced out in space 
by the successive positions of the instantaneous centre, and 
let the angular velocities of the moving area corresponding to 
each position of the instantaneous centre be known. 

Then, if P, Q, JS, ... be successive positions of the centre 
at given infinitesimal intervals of time, the lines in the 
moving area QP, RQP\ SRq^p\ ... will turn successively into 
the positions QP', Rqp\ Srqp, &c. 

Hence the motion can be represented by rolling the curve 
pqrs ... on the curve PQRS .... 

But the curve pqrs... is the locus on the moving area 
of the instantaneous centre, and the two curves are therefore 
determinate. 

These curves are sometimes called the fixed and moving 
centrodes. 

61. Ex. 1. A straight line AB, of given lengthy slides 
between two fiaed straight lines at right angles to each other. 

In this case the locus of the instantaneous centre, Ey with 
regard to the fixed lines OX, OY, is the circle, centre and 
radius OE, which is equal to AB, fig. 38, while the locus of 
E with regard to AB is the circle on AB as diameter. 

The motion is therefore the same as that produced by the 
rolling of a circle, internally, on a fixed circle of double its 
radius. 

The effect of this motion is discussed in Art. (7), and 
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therefore it follows that the path of any point Q, connected 
with AB, is an ellipse of which is the centre. 

It has been shewn in Art. (57), that the envelope of the 
sliding line is a four-iyusped hypocycUnd, 

We can prove this result also by direct geometry. 

For if QCQ\ fig. 39, is the sliding line, and if EP is the 
perpendicular fi-om E upon QGQ\ it follows that P is the 
point of contact of the envelope of QQ!, and therefore that the 
locus of P is the envelope. 

It is clear that P is a point on the circle whose diameter 
is CEy and CE is half of OE, and is therefore one-fourth of 
the diameter of the fixed centrode EA, 

Further the arc EP of the small circle is equal to the arc 
EQ of the rolling centrode, and therefore equal to the arc 
EA of the fixed centrode. 

Hence it follows that the path of P is the path of a 
point in the perimeter of a circle rolling inside a circle of four 
times its radius, and is therefore a four-cusped hypocycloid 

Further we can see that the envelope of any straight line 
through C, making a given angle with QQ' and carried with 
it, will be a four-cusped hypocycloid. 

For the ends of this new diameter of the rolling centrode 
will move along fixed radii of the fixed centrode, and the new 
diameter will be under the same conditions as QQ\ 

If any other straight line, not passing ihrouah C be carried 
by QQ' the envelope-glissette will be an involute of a four- 
cusped hypocycUnd. 

Let the line be at the distance c from C, and inclined at 
the angle a to QQ^, and letp be the perpendicular from upon 
the line and ^ the inclination of the perpendicular to OA. 

Then 2a being the length of the sliding line 

p = c -h a sin (20 + a), 

.'. the radius of curvature of the envelope 

= c — 3a sin (2<f> + a), 
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SO that the envelope is an involute of a four-cusped hypo- 
cycloid. 

62. The same results are true whatever he the angle 
between the two fixed lines. 

For if this angle is a, OE being the diameter of the 
circumscribing circle of QEQ is equal to 2a cosec a, and is 
therefore constant. 

The fixed centrode is therefore the circle, centre and 
radius 2a cosec a, also since QEQ is constant, the rolling 
centrode is the circle QOQ^E, the radius of which is a cosec a. 

63. Ex. 2. Two straight lines, AB, AC, containing a 
given angle, move so that AB, AC pass respectively through 
Jixed points P and Q. 

The point E being the instantaneous centre, AE is the 
diameter of the circle about PAQ, and is constant. Fig. 40. 

Hence, the moving centrode is the circle, centre A and 
radius AE, while the fixed centrode is the circle PAQ. 

The sliding motion is therefore equivalent to the motion 
produced by rolling a circle, with internal contact, on a circle 
of half its i-adius. 

The point-glissettes are therefore hypotrochoids, and the 
line-glissettes are circles. 

This last can be shewn by the formula of Art. (14), for if 
EN be the carried line, at the distance CNfrom G, OPQ = a, 
p = a, and p = — 2a, fig. 41 ; 

.-. ^ = PQ + 2a cos OCA' = CN, 
a(p 

i.e. the curvature is constant. 

Or, by direct geometry we can see that if A roll from A', 
and be the other end of the diameter A' 00, 

GQ^CN, 

and therefore the envelope of EN is a circle, centre G and 
radius CN. 
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If the straight lines AB, AC slide on fixed circles, the 
results are exactly the same. 

For the straight lines drawn through the centres of the 
circles parallel to ^J? and AC meet at the same angle, and 
the sliding of these lines through the centres carries with it 
the motion of B AC, 

64. Ex. 3. An involute of a circle slides between two 
straight lines at right angles to each other. « 

Let Ox, Oy be the fixed lines, fig. 42, and let (c and y be 
co-ordinates of E, the instantaneous centre. 

Then i»=(^+^ja — a, and y = a^ + a ; 

so that y — a? = (2 — 5)0. 

In this case the fixed centrode is a straight line, and the 
moving centrode is a circle, centre C. 

The point-glissettes are therefore cycloids and trochoids^ 
and the line-glissettes are evolutes of a cycloid. 

65. A curve, carrying a point Q, slides on a fixed curve, 
the same point T? of the moving curve being always in contact 
with the fixed curve. 

In this case the instantaneous centre is the centre of 
curvature E at P, and therefore QE is the normal to the 
Q-glissette. 

If the curve slides over the arc PP' of the fixed curve, 
and Q moves over the elemental arc QQ, and if E' is the 
centre of curvature at P', Q'E is the consecutive normal, and 
F is the centre of curvature at Q. Fig. 43. 

If PEF = i4>, PE=^p, PQ = c, and if a is the inclination 
of PQ to the normal at P, 
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Let p' = radius of curvature kt Q, 
and p" = radius of curvature of the evolute at E; then 

9 QQ! QES<I> 
_ 1 dp c sin a 

1 1 p"csina 



i.e. 



P' (p" + c' + 2cp cos a)* (/)" + c' + 2cp cos a)* 



In this case the fixed centrode is the evolute of the fixed 
curve and the moving centrode is the normal at P, so that 
the motion is equivalent to the rolling of a straight line on 
the evolute. 

If the sliding curve be a straight line, and the point Q a 
point in the sliding line, the angle a is a right angle, and the 
curvature of Q is given by the equation 



If 



p c 



P (p'+C)* {p' + c'f 

66. To find the point-glisseUes and the line-glissettes, when 
a curve slides so as to touch a fi^ed straight line at a fi^ed point. 

P being the carried point, the relation OP =/(PF) is 
known, and therefore i{ Oi=x and PF=y, fig. 44, 

is the point-glissette. 

Again, if AP is the carried line, and OZ the perpendicular 
upon it from 0, let 

OZ=p and ZOF=i|r. 

Then, if TAP = a, and s =/(^) is the intrinsic equation 
of the curve referred to A and the tangent at A 

and j} = |(fo sin = I /' (^) sin <f>d<f). 
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From these equations we can obtain p in terms of y^, t.e. the 
tangential polar equation of the line-glissette. 

In this case the instantaneous centre E is the centre of 
curvature at 0, so that the fixed controde is the straight line 
OE, and the moving centrode is the evolute of the curve. 

67. A given point A of a straight line moves along a fixed 
line Ox, and the straight line mbsses through a fiaed point C, 
at the distance CO, (c),/rom Ox. 

The instantaneous centre, E, is the point of intersection 
of the straight line through C, perpendicular to AC, and of 
the straight line through A perpendicular to Ox. 

Taking x,yvA the co-ordinates of E referred to Ox and OC, 
we observe that if 6 is the inclination of GA to Oil, 

a: = c cot dy and y = c + a? cot ^, 

so that the equation of the fixed centrode is 

a? = c{c-y). 

Again if x\ y' are the co-ordinates of E referred to AC and 
the perpendicular through A to AC, 

c = x' sin 0, and x' = y tan 0, 

so that the moving centrode is the curve 

c»y* = a;'(a?'-c'), 

and the motion is equivalent to the rolling of this curve on 
the parabola, a?^(? — cy. 

68. A straight line pa^sses through afiaed point 0, and a 
given point A of the line moves along a given fiaed curve. 

Taking for the origin, let r^f{0) (fig. 45), be the 
equation of the given curve. 

Then, E being the instantaneous centre if OE = r', 
and EOy = ff, r\ ff are co-ordinates of a point of the fixed 
centrode. 

Now ^ = «, andr =rtan^ = ^=/(5), 

.'. the fixed centrode is r ^f{ff). 
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Again, ]i AE^p, 

p^r^QC^^ sec 4>f{0), 

and the moving centrode will be obtained by the elimination 
of^. 

69. A given point A. of a straight line moves along a fixed 
line Ox, and the moving straight line always touches a given 
fixed curve. 

The point E being the instantaneous centre, let AE==p 
and EAP = <f>, fig. 46, then x, y being the co-ordinates of P, 
the point of conta<;t, 

p = ^Psec ^ = ysec"<^ =y jl + (^^j I , 

and cot ^ = — -^ . 

Hence eliminating x and ^, we obtain the polar equation 
of the moving centrode. 

For the fixed centrode, 

OjX 

^=:OA=x + ytm(f}==x-y ^, 

and the elimination of x and y will give the Cartesian 
Equation of the fixed centrode. 

70. HolditcKs Theorem, 

If a straight line KP^, of given length a + b, moves with its 
ends A and B on the arc of a closed oval curve, and if AP = a,. 
and BP = b, the difference between the area of the oval, and the 
area of the locus of the point P, is equal to Trab. 

Let Q be the point of intersection of AB with a consecu- 
tive position inclined to AB at the angle hO, 

Then if CT be the area of the oval, V the area of the locus 
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of P, and TTthe area of the locus of Q, that is, of the envelope 
of AB, the difference 17 — TT is equal to 5 / AQ*d0, and is 

also equal to 5 I (a + ft — AQy dO, 
Hence, if -4. ^ = r, 

T'rdtf = J /^(a + 6) (W = TT (a + ft) , 

also F- F = \^P(^d0 = | f (« - r)« d9, 



:. l7-F=|J{r»-(a-r)»}dtf = ||(2ar-a») 



d0 



= aTT (a + ft) — Tra* = irab. 

This proof was given in the Quarterly Jaumal of 
Mathematics, vol. 2, 1858. 

71. Am8ler*8 Planimeter. 

Amsler's Planimeter is an instrument employed to deter- 
mine practically the area within any closed curve on a plane 
surface, as, for instance, the area of an estate marked out on 
an ordnance map. 

It consists of two straight rods, AB, BC, jointed at B, and 
capable of free motion about the end A, which is fixed, with 
a small wheel, the plane of which is perpendicular to BC, 
capable of turning round BC as an axis. 

The centre of the wheel is sometimes at the end B of 
BC, and sometimes at some point P between B and (7, but 
it might be placed at any point of BC produced either way. 

The important point to be observed is that the plane of 
the wheel is perpendicular to BC, so that the revolution of 
the wheel determines the motion of the point B in the 
direction perpendicular to BC, 

We will first take the case in which the fixed point A 
is outside of the contour line enclosing the area to be 
measured. 
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Let AB = a, BG^^b, and let <^ and y^ be the inclinations 
of AB and BC to some fixed direction in the plane of motion. 
Fig. (47). 

When the wheel, radius c, is at jB, let the end C pass 
over an elemental arc CC of the contour line, so that ABC 
takes up the position AEG', 

If dO is the angle turned through by the wheel, the area 

ABGG'BrA^^a^dii> + \yd'^'\-h.cde) 

for, neglecting infinitesimals of the second order, it is made 
up of the triangle ABB\ the parallelogram BGDE, BD being 
parallel and equal to BG, and the triangle BDG\ Fig. (48). 

When G has moved completely round the contour line, 
and has returned to its initial position, the complete area 
swept over by ABG will be the area enclosed by the contour 
line, and this 



=1(1 a'd<^ + ^ Vd'yft + hcdd\ 



= bed = bs, 

where s is the total length passed over by the point B in the 
direction always perpendicular to BG, 

When the centre of the wheel is at P, let dO^ be the 
angle turned through by the wheel while AB turns through 
d<^, BG moving parallel to itself into the position B'D, and 
db^ the angle turned through while B'D turns through d'^ 

into the position BG\ 

Then cdd^ is the distance between the parallel lines BG, 
BDy and cdd^ is the distance QP' perpendicular to BfQ, 

Therefore the area ABGG'BA 

= i a^d4> + Q 6"d^ - bcdd^ + be {dd, + d0^. 
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But cdd^^QF:^ldir,i£BP^h 

.-. the axeSL ABCC'R A 

if cb is the element of the distance passed over by P in the 
<lirection perpendicular to BC. 

Hence, as before, the area enclosed by the contour line 

where 8 is the total length traversed by P in the direction 
always perpendicular to jBC. 

We will now consider the case in which the point A is 
inside the contour line. 

Adopting the same notation as in the previous case, 

The area enclosed by the contour line, fig. (49), 

= 7r(a" + 6«-26Z) + 6«. 

If the point B moves outside the closed curve, as in 
fig. (50), the area enclosed is the difference between the 
areas swept over by AB and BC; i.e. the area 

Observing that 0^ and 0^ are now registered negative, 
and that BC is also turning in the negative direction, we 
have the relation, 

e(-de;)=ii-d^), 

.-. the area =1^5 a*d<t» + 5 Vd^fr + bcdd^\ 

=11^ o*d0 + 2 6'rf^ - bcde, + be (d0, + deA 
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ds being the element of the distance traversed by P in the 
direction perpendicular to BG, 

Hence as before the expression for the area is 

72. A given curve slides between two straight lines at 
right angles to each other; to find the locus, with regard to tiie 
lines, of the instantaneous centre. 

Let OS, y be co-ordinates of E, the centre of curvature 
at P, and CK an element of the evolute at P (fig. 51). 

Then, by turning the curve round E through a small 
angle i(f>, and taking K such that the angle of deflection of 
the arc GK is i<f>, the tangent at K will glide into the position 
K'P*, and we have 

dx 

Similarly, we shall obtain 

dy , 

if p be the radius of curvature at Q. 

Hence, if the intrinsic equation be known, 

and the two equations we have obtained will give x and y 
in terms of <f>, and reduce the solution of the problem to 
the elimination of ^. 

Take, for instance the case of Art. (64), in which 

p = a(f>. 
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and therefore jT "" y ~ "" ^^» 



dy 



= a(| + ^). 



d^ 

Integrating these equations, and remembering that when 

^ = 0, a? = a — ^> *^^ y = tt> 
wc shall obtain the equations of Art. (64). 

73. The preceding equations determine the tangent and 
normal at E, and, by differentiation, the curvature of the 
locus of E. 

A geometrical construction may however be given, for 
since EN=PF = EGS<I>, and E'N=ECrSif> (fig. 52), 

/. EN : E'N :: EG : EC. 
and the angle NEE = ECCT. 

Hence, if EF be perpendicular to EE'y 

the angle FEC = | - E'EN = ECF, 

and F is the middle point of GC. 

If then D, U he the centres of curvature consecutive 
to (7, (7 in their new positions, and F* the middle point 
of DD\ the lines EF^ EF' intersect in the centre of curva- 
ture at E, 

For the carried locus, i. e. the locus of E with regard 
to the sliding curve, we observe that the tangent and normal 
are the same as for the locus above considered. 

For the curvature, however, let GK, G>K\ fig. 63, be 
elements of the evolute having the same deflection S^, E' the 
intersection of the tangents at K and K\ and F* the middle 
point of KK ; then O, the intersection of EF and F!F\ is 
the centre of curvature. 
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In either case, CK being an infinitesimal of the first order, 

axe EE' = EF. 28^ = CCB(f,, 

or ultimately -r^ = CC. 

Also, if the FEC in (figure 62) = yfr, 

, EG 
tant = ^. 

and, if EG and EC, i. e. p — y and p — x, can be found 
in terms of ^, we shall have sufficient data for the deter- 

mination of -j^ , the radius of curvature. 

For the carried locus (fig. 53), we must add to -^ the 
inclination of EC to some fixed line in the moving area. 

74. If a right angle slide on the arc of a cwrve^ P = f {<!>)» 
the motion is equivalent to that of rolling im curve 

«=/(*+!)-/ W. y=/W+/'(*+|). 

upon the curve 

of = cos 4>f' (* + !)+ sin 4,/' (0), 

y' = cos ^/' (^) - sin ^/' (.^ + 1) . 

For (fig. 54) if P and Q be the points of contact, the in- 
tersection Ey of the normal is the instantaneous centre, and if 
TP=^x, TQ=iy, X and y are the coordinates of the carried 
locus of E, and since 

07=1, =/(^), 

>F=/(,^ + |) and Qr=/(^ + g. 
Hence the first two equations follow at once. 

B. R. 5 
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For the fixed locus of E let fall the perpendicular EN on 
the initial line from which ^ is measured ; then if 0N= oi 
and EN^y'y the second pair of equations is obtained. 

As an example, let the given curve be a three-cusped 
hypocycloid, so that 

^ = a cos 3^. 

Then it will be found that 

a? + y»=16a' and a?" + y" = 9a", 

so that the motion is produced by rolling a circle of radius 
4a, with internal contact, on a circle of radius 3a. 

This result can be obtained from direct Geometry. 

For (fig. 56) if -F, G, be two positions of the centre of the 
rolling circle on a diameter (iO(i, the tangents TP, TP' at 
the points P and P of the curve will be at right angles; 
and the normals QF, ($P will meet at a point E on the 
circumference of the fixed circla It will be easily seen that 
the line TE passes through 0, and is four times the radius 
(c) of the rolling circle, so that while the fixed locus of ^ is 
the circle of radius 3c, the carried locus is a circle of radius 
4c, and having T for its centre. 

It will be seen that the equations of Art. (72), i.e. 

da dy , , 

follow at once from the preceding equationa 

75. Taking the general case of any motion of a plane 
area (which however is reducible to a case of roulettes), and 
supposing that the centrodes can be found, or, which is the 
same thing, the fixed centrode, and the rates of rotation as 
compared with the increase of arc along the centrode, we 
can find simple expressions for the curvatures of the roulette& 

To find the curvature of the rotdette of a point Q. 

Let EE' (&r) be an element of the fixed centrode fig. 56, 
and a the inclination of EQ (r) to the normal at E. 
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Then VQ : EQ :: QQ' : QQ-EN, 

if EN is perpendicular to EQ ; 
or radius of curvature =VQ 

rd^ — d<7 . cos a * 
If we take the case of Art. (34), 

and we obtain the formula of that article. 
If we take the case of Art. (73), 

da = CG'h<l>, 



and .*. radius of curvature = 



r — cos a . GG 



/ • 



76- To find the curvature of an envelope-roulette. 

Let r = EQ be the perpendicular from E on the line 
fig. 57. 

Then & = Q? + qQ = So- cos a + EQS<I>, 

J ds da 

and jT = ^ + cos a j-r . 

a<p (Up 

For instance in the case of Art. 73, the radius of curvature 

= r + cos a . 0(7. 

77. To find the curvature of the envelope of any carried 
curve. 

Let EQ, Eq be normals to the carried curve, and p" the 
radius of curvature at Q, fig. 58. 

Then & = Qj + Qq 

= So- cos a „ ^ ^Q -f EQl^, 

and if QVq = S>^, 



p' + r ' 

5—2 
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therefore, radius of curvature of envelope 

_ ds 

p" cos o , . , . 
J, CQ&ada 

For instance, taking the case of Art. (50), we have 

and we fall upon the formula of that article. 

78. A triangle moves in a plane so ihab two of its sides 
slide on fixed curves; it is required to find the envelope of 
the third side.* 

Let a, /3, 7 be the perpendiculars from any fixed point on 
the sides a^b, c; then 

oa + 6/3 + 07 = 2 (area of triangle) = 2A. 

Hence, if ^ be the angle which one of the perpendiculars 
makes with any fixed line, and remembering that 

is an expression for the radius of curvature of the envelope 
of the side BC, we obtain 

where p^, p^ o. are the radii of curvature of the envelopes of 
the several sides. 

If then two of these be given, the third is determined. 



79. Ex. 1. A given triangle moves so that two of its 
sides Umchfiaed circles. 

therefore con- 
stant. 



In this case p^ and p, are constant; p. is therefo 
at, and the thini side always touches a nxed circle. 



* The method of this article is due to Dr Ferrers. 
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This includes the example of Art. (63) as a particular 
case. 

A direct geometrical proof may be also given*. 

Firstly, let the sides AB, AG pass through fixed points 

Through A draw AF parallel to BC, and meeting in F 
the fixed circle which is the locus of A, fig. 59. 

The angle FAP = ABCy and therefore the arc FP is 
constant, and Fia sl fixed point. 

Also, the perpendicular FO from F on BG is equal to 
the altitude of the triangle ABG] therefore BG always 
touches a circle, the centre of which is at F. 

Secondly, let AB, AG touch fixed circles having their 
centres at P' and Q'. 

Through P' and Q' draw lines P'A\ QfA' parallel to AB, 
AG, and meeting BG in B' and 0' : then, as before, BG' 
touches a fixed circle. 

80. Ex. 2. A triangle moves so that two of its sides 
Mide on the arc of a fixed cycloid. 

In this case 

f)j = d sin <^, and />2 = d sin (^ + a) ; 
•'• % = 2A — od sin — 6d sin {<f> + a), 
which can be written in the form 

P3 = e4-/sin(<^ + ^). 

Hence it appears that the envelope of the third side is an 
involute of a cycloid. 

81. Two straight lines AB, AC, inclined to each other at 
a given angle X, and carrying a line AD, slide on fixed curves; 
it is required to find the envelope of AD. 

This is a particular case of Art. (78), and it fi, vhe the 

* Several proofs were given, ^y myself and others, in the Educational 
TixMs iot 1864. 
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inclinations of AD to AB and AC, the first equation of that 
article becomes 

a sin /x + /8 sin v + 7 sin X = 0. 

Hence p^ sin /* + p, sin i; + p, sin X = 0, 

and if p^ and /d, are given, p^ is determined. 

82. Ex. 1. Thus, from Ex. (2), Art. (79), we obtain 
the following result 

If two straight lines at right an^^les to each other slide 
on the arc of a cycloid, the straight Ime bisecting the angle 
between them always touches a cycloid. 

Ex. 2. AB, AG slide completely raimd an oval curve. 

In this case, if 

_ da- 

^ dc . ds . ds' 

da, ds* being elements at the points of contact of AB, AC, 

Hence, if Z be the perimeter of the oval, and a- the whole 
arc enveloped by AD, 

sin X . o* = Z (sin /i + sin v), 
or a^l^ 



sm '— T=^ 



We have put 
because if a and fi are positive, y is necessarily negative. 
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1. P is a fixed point on the circumference of a given 
circle, and PQ any chord drawn through P is produced to R, 
80 that QR is of constant length. If PE be drawn per- 
pendicular to QP to cut the circle again in E, and RE be 
joined, shew that RE is normal to the locus of R. 

2. Prove that a lima§on, r = a + 6cos^, is a point 
roulette produced by the rolling of a circle, with internal 
contact, on a fixed circle of half its radius. 

3. The angle BAG slides over two fixed circles; prove 
that the point-glissettes are lima9ons. 

4. A parabola slides on two straight lines at right angles 
to each other; prove that its vertex and focus respectively 
describe the curves, 

a?y'{a?^-^-\'^a^) = a\ and xY = a^(a? + f), 

5. is a fixed point external to a given circle whose 
centre is 0, TEB is a tangent of given length, touching 
the circle in E\ its extremity T being in GO produced. If 
CB and OE when produced intersect in M, shew that the 
length of BG is least when TM is at right angles to TG, 

6. A plane moves in any (given) manner on a fixed 
plane : is a fixed point on the fixed plane, P a fixed point 
on the moving plane ; if the area described by P about 
is given, shew that the locus of all points (P) in the moving 
plane for which this area is the same is a circle, and that for 
different values of the area the corresponding circles are 
concentric. 

7. A given triangle moves in a plane so that one of its 
sides touches a fixed circle, and another a fixed cycloid ; 
prove that the third side touches an involute of a cycloid. 
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8. Two tangents OP, OQ inclined at a constant angle a 
are drawn to a closed curve, without points of inflexion, and 
OX is the external bisector of the angle POQ. Shew that 
the perimeter of the closed curve enveloped by OX : the 
perimeter of the original curve : : 1 : sin ^ 

9. One end A o{ a, straight line slides along a fixed 
straight line OA, and the straight line always passes through 
a fixed point C at the distance GO, (c), from the line OA ; 
prove that this motion is equivalent to the rolling of the 
curve, c* (aj* + y*) = fl?^ upon the parabola, cy = ic* + c*. 

10. If a parabola, latus rectum 4a, slide between two 
straight lines at right angles to one another, the glissettes 
produced are the same as the roulettes produced by a 
parabola latus rectum a, rolling on the curve 

11. A straight line slides on a curve having always the 
same point in contact; the motion is identical with that 
of rolling a perpendicular straight line on the evolute. 

Hence shew that the envelope of the straight lines drawn 
through each point of an epicycloid at a constant angle to the 
tangent is also an epicycloid. 

12. An ellipse slides on a straight line, always touching 
it at the same point ; the path of its centre is the curve 

13. A straight rod, of length 2a, slides with its ends on 
a wire in the form of the caidioid, r = a (1 — cos d) ; prove 
that the fixed and moving centrodes are circles. 

14. A straight line ACB slides on a fixed curve, the 
middle point C being always in contact with the curve ; if 
Ijp is the curvature at C, and 1/r and l/s are the curvatures 
of the paths of A and B, and if AB = 2o, prove that 

l/r + l/« = 2/^/^M^ 
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15. A given point in a straight line moves along a given 
diameter, produced, of a given circle, and the straight line 
always touches the circle ; prove that this motion is equivalent 
to the rolling of a parabola upon the curve, 

ay = (a? + of (2flMD + a?'), 

the parabola starting with its vertex at the origin. 

16. The end P of a finite line PQ travels on a closed 
curve which has no points of inflexion, and the line PQ is 
inclined at a constant angle to the normal at P. Find 
the area included between the locus of Q and the curve, 
and shew that if be the centre of curvature at P the 
motion of Q is perpendicular to QO. 

17. Two tangents, inclined to each other at a given 
angle, move round a closed curve without cusps, or points 
of inflexion, and the external angle is divided into two 
constant parts a and )3; prove that the length of the 
envelope of the dividing line is to the length of the given 
curve, as 

a—B. a+8 

cos — o~^ IS to cos — ^"^ • 



18. One end of a straight rod moves round the cir- 
cumference of a circle, and the rod always passes through 
a fixed point of the circumference ; prove that this motion 
can be produced by rolling a circle w^ith internal contact 
upon a circle of half its radius. 

19. If a straight rod pass through the vertex of a 
parabola, and one end move along the arc of the curve, 
shew that this motion can be produced by rolling the 
curve a'y* = (a?* + 4a*) {a^ + 4a' (a? -f- ^} upon the curve 
Say^ ^a?\x — 4a). 

20. An involute of a circle slides on a straight line, 
always touching it at the same point ; the glissettes of a 
point and a straight line are respectively a trochoid and 
an involute of a cycloid. 
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21. A parabola slides on a straight line touching it 
at a fixed point P. 

If the normal at P meet the axis in G and GR be 
drawn parallel to 8P and equal to one fourth of the latus 
rectum, the normal to the path of the focus is parallel to 
PR. 

Shew also that the path of the focus is an hyperbola. 

22. If at any point of a curve whose intrinsic equation 
is 8 =/' (<^) a straight line is drawn making a constant angle 
a with the tangent and of length 8 cos a, the intrinsic equa- 
tion of the locus of its extremity will be 

8 =/ {<!>) sin a +/(<^) cos a. 

23. A fixed point of a straight line moves along the 
axis, produced, of a parabola, and the straight line always 
touches the parabola; prove that the motion is equivalent 
to the rolling of the curve, 

upon the curve, ay* = 4a? (a? + a)\ 

24. A lamina moves in its own plane so that a point 
fixed in it lies on a straight line fixed in the plane, and 
that a straight line fixed in it always passes through a 
point fixed in the plane; the distances from each point to 
each line being equal. Prove that the fixed and moving 
centrodes are parabolas. 

25. A given right-angled triangle PQR is made to slide 
round the outside of a fixed oval cui-ve with the point P on 
the curve, the side PR touching it, and the side PQ normal 
to it. If « is the perimeter of the oval, prove that the length 
of the curve enveloped by QR is equal to 

(8 + 2ir. PQ) sin PQR. 



GENEEAL MOTION OF A RIGID BODY. 



83. A rigid body is said to have a motion of tramlationy 
when all planes in the body move parallel to themselves ; or^ 
which comes to the same thing, when all points of the body 
pass over equal distances in the same direction. 

A rigid body is said to have a motion of rotation, or to 
have rotatory motion, when some plane in the body changes 
its angle of inclination to some plane fixed in space. 

In general, the motion of a rigid body can always be 
represented by a rotation combined with a translation, and 
the translation may be rectilinear or curvilinear. 

84*. The wheel of a carriage, for instance, has a recti- 
linear motion of translation, combined witb a rotatory motion 
about its centre ; but this, as we have seen, can be repre- 
sented by a state of rotation about the point of contact of 
the wheel with the ground. 

If a man looking straight at a particular wall of a room, 
walks round a table in the room, he has a motion of circular 
translation, but no motion of rotation ; all the points of his 
body moving in equal circles with different centres. 

As another illustration, the moon moves round the earth 
so as always to present very nearly the same face to the 
earth. 

It follows therefore that, while the centre of the moon 
moves round the earth in its oval orbit, an ellipse of small 
eccentricity, the moon turns completely round an axis 
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through its ceutre, that is to say, it has an angular velocity 
of four right angles per month*. 

The motion of the moon is therefore represented by a 
motion of elliptic translation, combined with a motion of 
rotation. 

Again, when a mass of liquid rotates uniformly, as if 
rigid, about a vertical axis, every molecule describes a circle, 
and has besides a rotatory motion, the free surface being a 
paraboloid ; whereas, in Rankine's free circular vortex, every 
molecule describes a circle, but has no rotatory motion, and 
the free surface is convex, and has a horizontal asymptotic 
plane. 

Motion of a rigid body about a fixed point, 

85. If two straight lines OP, OQ, through the fixed 
point 0, are fixed, it is clear that the body is incapable of 
motion, and the motion of the body is therefore completely 
determined by the motions of these two straight lines. 

At any instant the point P is in motion in some definite 
direction, and the line OP has a motion in the plane 
containing this dii'ection. 

Drawing the plane POC through OP perpendicular to 
its plane of motion, the motion of OP can be represented by 
a state of rotation about any line through in this perpen- 
dicular plane. 

Similarly the motion of OQ can be represented by a state 
of rotation about an axis in a plane QOC, intersecting the 
other plane in the line OC. Both motions are represented 
by a smgle rotation about the line 00. 

The motion of a rigid body about a fixed point is there- 
fore, at any instant, a motion of rotation about some axis 
through the point. 

* AboQt thirty years ago a curious controversy took place in the colomns 
of the * Times', concerning the motion of the Moon. It was asserted that, 
beeanse the Moon always presents the same face to the Earth, it has no 
rotatory motion, and there was a good deal of correspondence before the 
matter was settled. The misconception of coarse was in the use and meaning 
of the word rotation. 



A FIXED POINT. 7T 

86. The successive positions of the instantaneous axis 
in space will form a cone, fixed in space ; and the successive 
positions of the instantaneous axis in the body will form a 
cone, fixed in the body, and the whole motion will be 
represented by the rolling of this cone upon the fixed cone. 

These are sometimes called the fixed and moving axodes. 

An important application of this idea is the discussion of 
the motion of a body under the action of no force, in 
Poinsot's NouveUe ThAorie de la rotation des corps solides. 

87. It may be useful to indicate a diiferent method of 
dealing with the ideas of the two preceding articles. 

Consider the body to be rigidly attached to a sphere, the 
centre of which is at the fixed point ; then the motion of the 
sphere will determine the motion of the body. 

If P and Q are two points on the surface of the sphere, 
the motions of P and Q determine the motion of the sphere. 

Through P and Q draw great circles perpendicular 
respectively, to the directions of motion of P and Q ; these 
great circles intersect in a point C, which has no motion, and 
00 is therefore the instantaneous axis. 

And, exactly as in Art. (60), the locus of on the surface 
of the moving sphere will be a spherical curve rolling on the 
arc of a fixed spherical curve, the locus of in space, thus 
constituting the fixed and moving spherical centrodes. 

88. A circle rolls on the arc of a fixed circle, the plane of 
the rolling circle being inclined at a given angle to the plane 
of the fi^ed circle ; it is required to fimd the position of the 
instantaneous axis. 

Take a and c as the radii of the fixed and rolling circles, 
and a as the inclination of their planes to each other. 

and being the centres of the circles, the normals 
to their planes through and meet in a fixed point E, 
fig. 60, and the motion is completely represented by the 
rolling of the right circular cone vertex E, and vertical 
angle PEQ, upon the fixed right circular cone, vertex E 
and vertical angle double the angle OEP. 
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The line EP is therefore the instantaneous axis. 

The angle OPQ being a, let the angle OPE = (f> ; then 
angle 

Projecting EC and OCP upon the plane of the fixed 
-circle, 

EC sin a = a + c cos (tt — a) = a - c cos a. 

.'. EP sin (a — ^) sin a = a — c cos a, 

and a sin (a — <^) sin a = (a — c cos a) cos ^, 

I J. ^ ^ . c — acosa 

leading to tan d> = ; . 

° ^ a sm a 

TT 

If a is greater than ^ , ^ is positive, but if a is less than 

'TT 

^ , and a cos a > c, ^ is negative, and the instantaneous axis 

PE is beneath the plane of the fixed circle, results which are 
at once obvious from the figure. 

The semi-vertical angles of the fixed and rolling cones 

TT TT 

are respectively « — ^, and « — (« " 0)> w^d the tangents of 

these angles are respectively 

a sin a i o sin a * 

, and 



c^a cos a a — c cos a 



Again, if F is the velocity with which the point of 
•contact moves round, 

the velocity of C = F — 



a 

Therefore the angular velocity of the disc about the 
instantaneous axis EP 

Fa — c cos a . , , . 
-r c sm (o — ^) 

2 cos a) ^ 



- F -Ci - - ?^??L5l 
(a* c* ac ) 
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In the general case of any plane curve rolling on another 
plane curve, this is the relation between the angular velocity, 
and the velocity of the point of contact, if a and c are the 
radii of curvature at the point of contact. 

89. The rate of rotation is the angular velocity about 
the axis, or the spin, as it was called by the late Professor 
Clifford. It is measured by the rate of increase of the 
inclination of a fixed plane in the body, containing the 
axis, to a fixed plane in space, containing the axis. 

If OA is the axis of a spin, it is considered to be positive 
when the motion is clockwise, looking in the direction AOy 
or counter-clockwise, looking in the direction OA. 



Composition of Rotations, 

90. Parallelogram of angular velocities, or parallelogram 
of spins. 

If OA, OB are the ax^s of two spins, and if the lengths 
of OA and OB are proportional to the magnitudes of the 
spins, the resultant spin is represented in magnitude, and 
direction by the diagonal OC of the parallelogram formed 
by OA and OB. 

Taking a> and eo' as the magnitude of the spins, the 
velocity of any point P in the plane AOB, perpendicular 
to that plane, 

^(oPn + toTE, fig. 61, 
PD and PE being the perpendiculars on OA and OB. 
Now, if PD meets BC, or BG produced, in K, 
OA.PD = OA(PK + KD)^BC.PK+OA.KD 
= 2(PBG-\'0BC), 
and 0B,PE^2P0B. 

.-. 0A,PD+0B.PE = 2.P0C^0C.PF, 
if PF is the perpendicular on OC, 
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Hence, if the ratio of fl to &> is the same as that of OC to 
OA, the velocity of P 

= 12. P^, 

and therefore OC represents the resultant spin in direction 
and magnitude. 

91. Resultant of two spins ahovt parallel aaes. 

Suppose a rigid body to have, at any instant, two spins> 
CO and (o\ about parallel axes through the points A and B, 

Take any point P in the plane containing these axes, 
and let PAR be perpendicular to the axes. The velocity of 
P will be in the direction perpendicular to the plane, and its 
magnitude will be 

wAP + (o'BP. 

This will vanish if P coincide with a point C between A 
and B, such that 

ci)AC=a>'BC, 

and the velocity of P will be (« + co') OP. 

It follows that the resultant spin is of magnitude co + to' 
about the axis through parallel to the original axes. 

If the spins about A and B are in contrary directions, 
and of numerical magnitude co and a>\ the velocity of D 
will be 

(o.AP'-to'.BP, 

and this will vanish if P coincide with a point in BA 
produced, such that 

w.AO^fo'.BO, 
and the velocity of P will then be (© — »') OP. 

If in this case (o = <o\ the velocity of any point in the 
plane will be 

a.AB, 

and therefore, equal and opposite spins about parallel axes 
are equivalent to, and may oe represented by^ a motion of 
translation. 
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92. A sphere rolls on a plane so that its centre moves in 
a circle. 

Let P be the point of contact, the centre of the circle, 
radius a, on which it moves, and C the centre of the sphere, 
of radius c. 

Then, if the sphere have no spin about the vertical 
diameter, OP is the instantaneous axis, and therefore the 
motion is represented by the rolling of the cone, axis 00 and 
semi-vertical angle COP, upon the plane. 

The cone is the moving axode, and the plane is the fixed 
axode. 

If fl is the angular velocity of the point about the 
normal to the plane through the point 0, and if fl' is the 
spin about the instantaneous axis, looking in the direction 
PO, it follows that il' is negative, and that its numerical 
value is a[l/c. 

93. If the sphere have a constant spin to about the 
vertical diameter, a state of things which exists under certain 
dynamical conditions, the instantaneous axis is the line EP, 
such that 

OJT: OP ::o):fl', fig. (62), 

and that the fixed axode is the right circular cone, axis HO, 
and vertical angle OEP, and that the moving axode is the 
circular cone, axis EG and vertical angle PEC, so that the 
small circle PQ is the circle of contact. 

94. A sphere rolls on a surface of revolution, so that its 
centre moves in a circle. 

If P is the point of contact, and if PO, the tangent to 
the meridian at the point P, meets the axis Oz of the 
surface in the point 0, PO will be the instantaneous axis, 
provided that the sphere has no angular velocity about the 
normal at P, a state of things which is possible. 

In this case the fixed axode will be the cone, axis Oz, 
and vertical angle twice POz, and the moving axode will be 
the cone, having its vertex at the point 0, and enveloping 
the sphere. 

B. R. 6 
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If the sphere should have a constant velocity about the 
normal at P, which is dynamically possible, the instantaneous 
axis will be a straight line through P meeting Oz in a fixed 
point E. The fixed axode will then be the cone, axis Ez^ 
and vertical angle twice PEz, and the moving axode will be 
the cone, having EG for its axis, and CEP for its semi- vertical 
angle. 

Motions of Translation and Rotation combined. 

95. If one point of a rigid body is fixed, it is clear that 
the body cannot have a motion of translation, but that it 
may have a spin about some axis through the point 

It follows therefore that any state of motion of a rigid 
body can be represented by a motion of translation, combined 
with a spin about some axis. 

It will be shewn in the next article that this state of 
motion can always be transformed into a translation in some 
direction, combined with a spin about an axis in that direc- 
tion, that is by a spin on a screw. 

This screw is called the instantaneous screw. 

The successive positions of its axis, in space and in the 
body, create two ruled surfaces, which are called respectively 
the fixed and moving axodes. 

These axodes may be developable surfaces, or skew 
surfaces, or, according to Professor Cayley's nomenclature, 
torses or scrolls, and the motion of the body is completely 
represented by the rolling and sliding of the one axode on 
the other. 

96. If we have given the state of the motion of one 
point of a body at any instant, and the rotation of the body 
about some axis through the point, it is clear that the motion 
of the body is completely determined. 

With these data we can find the instantaneous screw. 

Let u be the velocity of a point of a body, and OA its 
direction of motion, and let the body have the spin o> about 
the axis OB, 



SCREWS. 83 

Draw the straight line OE perpendicular to the plane 
A OBy fig. (63), and through the point E of the line draw EF 
parallel to OB. 

Apply to the body two equal and opposite spins, of 
magnitude eo, about the axis EF. 

The spins q> and — © about OB and EF are equivalent to 
the translation cor, if OE = r, in the direction perpendicular 
to the plane BOE. 

The resultant translation will be in the direction EF, if 

ro}=u sin a, 

a being the angle AOB, and if v is the magnitude of the 
motion of translation, 

V = wcosa. 

EF is therefore the axis of the instantaneous screw, and the 
motion is represented by the velocity v in the direction EF, 
and the spin a> about EF. 

97. It will now be seen that when the motion is repre- 
sented by a spin on a screw, the magnitude of the translation 
is the least possible. 

In fact, if we apply two equal and opposite spins, each 
equal to the screw spin, about any axis parallel to the axis of 
the screw, we shall obtain a spin about this parallel axis and 
a translation perpendicular to it, which, combined with the 
original translation, will produce a translation of greater 
magnitude. 

98. Other modes of representing the motion of a body 
may be adopted. 

For instance, any state of motion can be represented by 
two spins about axes at right angles to each other, in an 
infinite number of ways. To prove this, take any point E 
in the axis of the instantaneous screw EF, fig. (64), and, in 
any plane through EF, draw two straight lines EA, EB at 
right angles to each other, and draw PEQ perpendicular to 
the plane AEB. 

6—2 
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If V and fi> represent the screw motion, and if the angle 
FEA = 0, these are equivalent to the two screws, 

V cos 0, 01 cos 0, and v sin 0, a> sin 0, 

Through P and Q draw straight lines PC, QD parallel ta 
EA and EB. 

Apply two equal and opposite spins, a> cos ^, to PC, and 
two equal and opposite spins, to sin 0, to QD, 

If we take P and Q such that 

QE. (0 sin d = vcos ^, 

and P-ff . © cos ^ = V sin 0, 

all translations will disappear, and we shall be left with two 
spins, (o CO8 about PC, and m sin about QD. 

Conversely if we are given two spins, a and )9, about axes 
at right angles, and at a given distance c from each other, we 
can determme the instantaneous screw. 

For 01 cos ^ = a, and to ain 0=^/3; 

© = ^/c?+^^ and tan^ = ^. 



• • 



Also, c^PE + QE^ 



a 

V 



(o sin cos ' 



t; = CO) sin ^ cos tf = -, —- , 

and PE:QE::l?:cf, 

so that the screw is completely determined. 

Pitch of a Screw. 

99. In the case of a screw motion, when v is the 
velocity of translation, and oi the spin, if we take a quantity 
p such that 

v = pa), 

p is called the pitch of the screw. 

If the motion continues uniform, p is the actual translation 
due to a twist through the unit of angular measure. 
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Composition of Screws. 

100. The axes of two screws intersect at right angles ; it 
is required to find their resultant 

Let Vy (o and v', to represent the two screws ; then if p 
and p' are the pitches, 

v=p(o and v'=p'a>\ 

Ox and Oy being the axes of the screws, fig. (65), let OP 
be the axis of the resultant £1 of the two spins a) and a>'. 

Also let OQ be the direction of the resultant V of the 
two velocities v and v. 

The motion is then reduced to the translation V in OQ 
and the spin il about OP. 

Let the angle POx = 0, and QOx = ^. 

In the line Oz, perpendicular to the plane xOy, take a 
point E at the distance z from 0, and draw EF parallel to 
OP, 

Apply to the body two equal and opposite spins about 
EFy each equal to il. 

The motion then consists of the spin fl about EF, the 
translation ilz perpendicular to the plane EOP, and the 
translation V in OQ. 

The resulting translation is in the direction EF, if 

zil = Fsin (<f> — 6) = v' cos 5 — -y sin 0, 

leading to 212'= (p' — p) ©©' (1), 

or z=:^(p! —p) sin cos 0. 

This determines the position of the axis of the resultant 
screw, the spin of which is 11, and the translation 17, where 
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and Z7= Fcos (^ — ^) = v cos ^ + v' sin 6 

= pcD cos 6 + 1?'©' sin Q 

so that if cr is the pitch of the resultant screw, 

-or =|) cos* +p' sin* 0. 

If we measure from the line bisecting the angle between 

the axes of the screws, that is, if we write ^ + ^ for ^ we 

obtain 

2z = (p''p)cos20, 

and 2U=a[p'+p + (p'-p) sin 2^}. 

The Cylivdroid, 

101. If 2> and p' are given, and if m and to' are allowed to 
change, the angle will be variable, and the position of the 
instantaneous axis will change. 

It will trace out a skew surface, conoidal, of which Oz is 
the axis, and, since the equations defining its position are 

z = (p' —p) sin cos d, y = a? tan 0, 

it follows by the elimination of that 

is the equation of the conoidal surface. 

This surface is called a cylindroid, in the nomenclature 
of Sir R S. Ball (Ball's Theory of Screws). 

Turning the axes of x and y through half a right angle, 
the equation takes the form 

2^(^+y')=(i>'-i>)(^-jO. 

102. The CLxea of two screws intersect at the angle 2a ; 
it is required to find their resvltant 

Take Ox and Oy bisecting the angles 2a and tt — 2a, the 
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screws p and p' having for their axes OA and OB respec- 
tively. 

The translations are (t/ + t;)cosa, and (v'— t;)sina, and 
the spins about Ox and Oy are 

(ft)' + ft)) cos a, and (&>' — ft)) sin a. 

Taking O and F as the resultants and 0, 0, as the inclina- 
tions to Ox, we have 

F» = t;» + !;'» + 2in;' cos 2a, fl' = ft)" + ft)'* + 2ft)ft)' cos 2a. 
Fcos ^ = (v + v) cos a, fl cos ^ = (ft)' + oy) cos a, 
Fsin <f) = (v' — v) sin a, fl sin ^ = (ft)' — ©) sin a. 
As in Art. 100, if we take z£l = Fsin (<^ — 0), 
we obtain zQ.^ = (j> —p) (oco' sin 2a (1), 

which becomes equation (1) of Art. 100, when AOB is a 
right angle. 

The spin of the resultant screw is fl, and, if U is the 
translation 

Cr=Fcos(<^-^), 
so that 

il,U= (p'ft)' +pa>) (ft)' + ft)) cos* a 4" (pV — pft)) (ft)' — ft)) sin' a, 
= pft)' H-p'ft)'* + (y + p) ft>w' cos 2a. 

Taking w as the pitch of the resultant screw, and 
observing that 

ft)' sin 2a = XI sin (a + 0), and a> sin 2a = fl sin (a — 0), 

we obtain the equation, 

«r sin" 2a = p sin" (a + ^) + p sin" (a — 0) 

-h(i)'+p)(sin"a-sin"^)co8 2a (2). 

Again, we obtain, from (1), 

z sin 2a = (p' — p) (sin" a — sin" 0\ 

and if we put y = x tan d, and eliminate 0, we find that 

z{si?-\-y^ sin 2a = (p' — p) {a? sin" a — y"cos" a), 

is the Cartesian equation of the surface traced out by the 
axis of the resultant screw when p and p* are fixed, and 
ft), ft)' are variable. 
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103. The shortest distance between the cuces of two screws is 
2c, and 2a is the inclination to each other of the aoces ; it is 
required to find the resultant screw. 

Take the middle point of the shortest distance as origin, 
and as axes of x and y, take the straight lines bisecting the 
angles 2a and tt — 2a. 

Let AC he the axis of the screw p, and take for its 
equations 

y = — a? tan a, -? = — c. 

Then, if BD is the axis of the screw p\ its equations are 

y = xtAua, z=c. 

Let OK and OL be the projections on the plane xy of 
the axes AC and BD. 

Applying equal and opposite spins about OK and OL, 
the screw p is equivalent to the translation v in OK, the 
spin CO about OK and the translation aa> perpendicular to 
OK, in the direction figured. Fig. (66). 

Similarly the screw p' is equivalent to the translations v' 
in OL, the spin eo' about OL, and the translation ca in the 
direction perpendicular to OL. 

The motion is therefore equivalent to the translations, 
parallel to Ox and Oy, 

(v'-f- v)cos a —((»'+ fi))c sin a, (v'— t;)sina 4-(o>'— <»)ccosa. . .(1), 

and the spins about Ox and Oy, 

(fi)' -f Qj) cos a, (o)' — c»)sina (2). 

As before take A and V as the resultants, d and as the 
inclinations to Ox, so that the above quantities are equal to 

Fcos^, Fsin^, ft cos ^, ft sin ^. 
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If we take z such that 

-^n = Fsin (^ - ^) (3), 

we obtain 

z^ = {p' — p) a)©' sin 2a + (©" — ©') c, 

which determines the position of the resultant screw axis. 

If c = 0, we obtain the result of Art. 102. 

The spin of the resultant screw is fl, and if TJ is the 
translation, 

tr=Fcos(^-^) (4), 

leading to 

ft TJ =p'fo^ + pw' + {p' + p) ©ci>' cos 2a — icona/ sin 2a. 

If we put y — x tan 0, we obtain, from (3), 
z(a^ + y') sin 2a = (p' —p) {a? sin' a — y' cos' a) + 2cxy sin 2a. 

104. Conversely, any screw can be decomposed into two 
screws having their axes in any two planes parallel to the 
axis of the given screw, and having these axes inclined to 
each other at any given angle. 

These conditions fix the values of a, c, and ^, and, if 
we take TJ and ft as the elements of the given screw, we can 
assume d at pleasure, so that V and ^ will be determined by 
the equations (3) and (4), and then the equivalences of Fcos 0, 
V sin ^, ft cos 0y ft sin 6 to the expressions (1) and (2) will 
determine the elements of the two screws. 

105. To prove ikat a cylindroid is completely determined 
if two screws are given. 

Adopting the notation of Art. 103, let axes of f and v, 
parallel to the plane xy, meet in a point on the axis of ^ at a 
depth f below the plane of xy, and let yft be the inclination 
of the axis of x to the axis of f , so that -^^ + a and '^ — a are 
the inclinations to the axis of f of the axes of the screws p^ 
and p. 
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Also let fST and 'ur be the pitches of the f and 17 screws. 

Then if the p and p screws are on the cylindroid defined 
by «r and «r', we have from Art. 100, 

p' = -BT cos" {-^ + «)+«■' sin* ('^ + a) (1), 

p = «r cos* (-^ — a) + -or' sin' (-^ — o) (2), 

f + c = («r' — fo) sin ('^ + a) cos (-^ + a) (3), 

5"— c = («■' — -ct) sin ('^ — a) cos (^ — a) (4). 

From (1) and (2) we obtain 

p' — p = («•' — «•) sin 2-^ sin 2a, 

and from (3) and (4)^ 

2c SB (v' — cr) cos 2*^ sin 2a (5) ; 

and /. 2c tan 2-^ =|) — p', which determines '^. 

Again 'p' +p = cr' + «r — («r' — -or) COS 2-^ COS 2a 

= «r' + «r — 2ccot2a (6) 

and, adding together (3) and (4), 

25"= (-or' — vf) sin 2-^ cos 2a 
or 2f=s (p' — p) cot 2a, which determines {f. 

Lastly cr and 0-' are given by the equations (5) and (6), 
and the cylindroid is therefore completely determined. 

It is obvious that the resultant of the screws and p' is 
on the cylindroid given by «r and tsr^ 

For each screw is decomposable into two having ^ and 97 
for axes, and the two pairs of ^ and 17 components are each 
equivalent to one ^ component and one 17 component, and 
therefore to a screw on the cylindroid. 

It will be seen also that the spins of the three screws 
follow the parallelogrammic law and are therefore in the ratio 
of the sines of the angles between the axes of the screws. 
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106. The eqitations of the axis of the instantaneous 
screw. 

The motion of a rigid body being completely represented 
by the motion of a point of the body, and a rotation about 
some axis through that point, let u, v, w be the component 
velocities of the point 0', and ©j, ©«, Wg the component 
angular velocities about axes through . 

If x\ y\ z are coordinates of a point P of the body 
referred to (X, its velocities relative to 0' are 

and the actual velocities of P are obtained by adding u, v, w 
to these expressions. 

The point P will be a point in the screw, axis if the 
direction of motion of P is coincident with the direction of 
the axis of resultant angular velocity, that is, if 

u -h /ft), — y'a>3 _ t; + x'dD^ — sfdD^ _ w + y'm^ — afto^ 

These then are the equations of the screw axis referred 
to 0', and, knowing the position of the axes through 0' 
relative to axes fixed in space, we can determine the position, 
relative to those fixed axes, of the screw axis. 

107. A sphere rolls between two parallel surfaces of 
revolution which are rotating about their common aosis with 
different angular velocities; it is required to determine 
the motion^ and the axodes. 

If P and Q are the points of the sphere in contact 
with the surfaces at the distances r and / from the axis, 
the velocities of P and Q are the same as those of the 
points in the surface with which they are in contact, and 
are therefore, fig. (67), 

(or and (or 
in the direction perpendicular to the plane COE. 
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Hence if V is the velocity of (7, 

in the same direction, and it follows that C moves in the 
circle centre N, with the velocity F. 

If the system be started from a state of repose, the only 
angular velocity of the sphere about G will be about the axis 
CJl, and if ft be this angular velocity, 

^ _ ft)'/ — mr 

If we take the point F such that 

F=ft.C^, 

the instantaneous aids is the line FE parallel to GAy and 
meeting the axis of the surfaces in a fixed point. 

Hence the fixed axode is the right circular cone, vertex 
E, axis EQy and vertical angle 2FEQ, and the moving 
axode is the cone, vertex E, axis EG and vertical angle 
2FEG, 

108. A sphere rolls heUveen two parallel planes, which 
are rotating^ with equal angular velocities in the same 
direction^ abovt fixed aaes perpendicular to the planes ; to 
determine the motion and the axodes. 

Let the plane through (7, the centre of the sphere, 
parallel to the given planes, intersect the two axes of rota- 
tion in A and B, and if P, Q are the points of contact, take 
P above this plane, and Q beneath it. 

Take c for the radius of the sphere and let 

AE^EB^a, 

Starting the system by suddenly setting the planes in 
motion, the velocities of P parallel to x and y, i.e. perpen- 
dicular and parallel to AB, are to. AN and toGN; and the 
velocities of Q are toBN and a>GN, N being the projection of 
C upon AB. 
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Therefore the velocities of G parallel to x and y are 

(oEN and a> . CN^ 

that is, the point C moves uniformly in the circle, centre 
E and radius EG (b say). 

Again there is no angular velocity about Ca?, because 
the velocities of P and Q in the direction Gy are equal; 
but the angular velocity about Gy 

ft) . AN — toBN a ^ 
2^ = -«- = ftsay. 

The motion is now represented by the translation (ob 
in GK perpendicular to EG, and the rotation SI about Gy, 

The screw axis is parallel to Gy and is at the height 
above G given by the equation 

zil -t- mb cos -^ = 0, or a>-z = cob cos ^, 

c 

the angle KGx being -^j so that 

a 
The spin about the screw axis is — 6) - , and the translation 

is a)& sin '^. 

The axodes are clearly cylindrical surfaces, and if GN^x, 
we have a? = 6 sin -^j 

— u — =1 

is the equation of the fixed axode. 

To find the moving axode, observe that while EG turns 
through the angle -^j a vertical diameter of the sphere turns 

through, the angle ~'y^, so that, taking p and € as polar 

coordinates of the screw axis, referred to G and this moving 
diameter, we have 

p = 2:=--cos ilr, and € = -'\^; 

be C€ 

.'. p = — cos — , 
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is the polar equation of the moving axode. This moving 
axode rolls on the elliptic cylinder which is the fixed axode, 
and slips backwards and forwards with the variable velocity 
€ob sin ^, 

109. We have assumed in the preceding discussion that 
the system was originally at rest, and the planes set in 
motion, so that no rotation would be produced about the 
diameter perpendicular to the planes. If originally the 
sphere was rotating about this diameter, the angular velocity 
will remain unchanged, as we know from dynamical con- 
siderations. 

The effect would be that the axodes would retain the 
same general forms, but that the axes of these cylinders 
would not be parallel to the planes. 

110. It may be useful to obtain some of the results 
of Art 108 in a different manner. 

Taking Cx and Cy as axes, let the motion be represented 
by the velocities u, v, of C, and the rotations cd^, a>, of the 
sphere about Cx and Cy. 

We have to express the fact that the velocities of the 
points P and Q of the sphere are the same as those of the 
points of the planes with which they are in contact. 

If AC = r, BC^r\ CAN= 0, CBN^ if>, 

the conditions for the point P give the equations, 

u + ca>, = rto cos 0, v — cto^ = rm sin 0, 

and, for Q, 

u - Cfi>, = r'tt) cos if>f v + ccOj = rto sin if> ; 

we have also, 

r sin ^ == r' sin <f>, and r' cos ^ — r cos 0=2(l 

Hence we obtain^ 

2w = CD {r cos <f> + r cos 0), 2v = <o (r sin ^ + r sin 0), 

cw, = - cuo, o>j = ; 
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.-. s/u' + !;• = i«» V*-* + *^ - 2rr' COS (d - <^) = a*, 

shewing that the motion of (7 is in the circle of radius b, and 
that the only rotation is about Cy, 

111. If in Art. 108 the rotation about the axis through 
B is in the opposite direction to that of the rotation about 
the axis through A, the effect is that the centre moves 
uniformly in the straight line CN, and that the sphere 
rotates with an angular velocity proportional to the length 
of EG about the axis which is inclined to Cx at the same 
angle as CK. 

The lixed axode is a skew surface of the form, 

bz (a^ + y') + ojcxy = 0, 

a conoidal surface, and it will be seen that the moving axode is 
also a skew surface. 



MISCELLANEOUS EXAMPLES. 

1. A smooth rigid wire bent into a curve turns round a 
fixed point in its own plane, and pushes a particle before it 
in a straight line. Find the form of the curve and shew 
that if it move with uniform angular velocity the particle 
moves with uniform velocity. 

2. Q, C, P are fixed points in a rod. Q describes a circle 
whose centre is and radius a, C describes a straight line 
passing through ; shew that generally P describes an egg- 
shaped oval, whose area is , - , and that the radii of 
curvature of its ends are 



a(6 + c)±6*' 
where QC = b,CP=^ c. 

3. If a catenary rolls on a straight line, the envelope 
roulettes are involutes of parabolas. 

4. An ellipse rolls on a fixed horizontal straight line (the 
axis of x). Shew that the locus of the highest point of the 
ellipse is given by the equation, 

dx ff* - 8aV 

5. An ellipse rolls on a straight line ; prove that the 
difference between the lengths of the radii of curvature at 
corresponding points of the paths traced out by the foci is 
constant. 

6. A cycloid rolls on an equal cycloid, corresponding 
points being in contact ; shew that the locus of the centre 
of curvature of the rolling curve at the point of contact is a 
trochoid whose generating circle is equal to that of either 
cycloid. 
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7. Prove that the intrinsic equation of the envelope of 
the directrix of a catenary of parameter c rolling on a circle 
of radius c will be found by eliminating a between the 
equations 

8 1 ^ 5 , 1 + sin a 

- = s tan a sec a + :: log :; ; — , 

c 2 4^1- sm a' 

and ^ = a + tan a. 

8. The cardioid r = a (1 — cos 0), rolls on a straight line; 
prove that the intrinsic equation of the roulette of the 
cusp is 

28 = 3a (2<^ - sin 2<^), 
measuring from the point of contact of the cusp. 
Prove also that its Cartesian equation is 

4a— a? 



2a 



-HtflMkt 



15 
that its area is -j- Tra', and that the radius of curvature of 

4 

the roulette of the cusp is three times its distance from the 

point of contact 

9. Shew that the problem for the determination of the 
caustic of a curve for rays proceeding from a point is the 
same as that of finding the evolute of the roulette traced out 
by the point corresponding to the given point, when an 
exactly equal curve is rolled upon the given curve, corre- 
sponding points being in contact. 

Examine in particular what this becomes in the case of 
(i) rays proceeding from the focus of a parabola, (ii) rays 
proceeding from a point on a circle. 

10. Prove that the curve on which an ellipse must roll 
in order that its centre may move in a straight line is given 
by the equation y/a = dn x/b, the modulus being the eccen- 
tricity of the ellipse. 

B. R. 7 
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11. The right angle BAG slides so that AB, J C touch 
respectively two fixed circles ; if c is the distance between 
the centres of these circles, prove that the fixed and moving 
centrodes are circles of diameters c and 2c. 

If r and r are the radii of the two circles, and if t and 
t' are the distances from A to the points of contact, prove that 
the radius of curvature of the path of the point A is equal to 

Prove also that, if rf is the distance between the points 
of contact, and c the distance between the centres of the 
circles, this expression is equal to 

2d' 

12. If a helix rolls on a straight line which it always 
touches, while its axis moves in a plane, any point of the 
helix traces a cycloid. 

13. Two cylinders of different radii are placed on a table 

with their axes parallel. A board is placed upon them and 

drawn along in a direction perpendicular to the axes of the 

cylinders. If there be no slipping prove that the spaces 

passed over by the centres of the two cylinders are the same, 

1 8 
and that each is equal to , where 8 = space traversed by 

^ 2 cos a ^ ^ 

the board, and 2x = angle between board and table. 

14. Two equal circular discs of radius c with their planes 
parallel are fastened at their centres to a bar, the discs being 
inclined to the bar at the angle a. The two wheels thus 
formed being rolled alon^ a plane, prove that the intrinsic 
equation of the track of either wheel upon the plane is 

.8 sin 6 

8m-= -» 

c cosa 

15. The translations of two points of a rigid body are 
given in direction and magnitude, and there is no spin about 
the line joining them ; find the screw axis. 
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16. A sphere rolls between two co-axial cylinders, 
which are rotating about their common axis; while one of 
them is sliding along its axis; prove that the path of the 
centre is a helix, and that the fixed axode is the surface 
generated by the tangent to a helix. 

17. Find the fixed and moving axodes in the case of the 
steady motion of a top. 

18. A sphere rolls between two concentric spheres, which 
are rotating about fixed diameters; determine the motion of 
its centre. 

19. The vertex of the tangent cone to a fixed sphere, centre 
<7, moves round the circumference of a fixed circle, centre 0, 
in the plane perpendicular to OC, the cone having no rotation 
about its axis ; find the axodes. 

20. A sphere rolls between two parallel planes, which 
liave different spins about fixed axes perpendicular to their 
planes ; determine the motion of its centre. 
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OatulluM. A New Text, with Oritioal Notes and Introdaotion 

hj Dr. J. P. Postgrate. Foolaoap 8yo. 3s. 
Ckxrptui Foetarum Latinoruin. Edited by Walker. 1 vol. 8vo. IQt. 
Llvy. The first five Books. By J. Prendeville. New Edition, 

reyised, and the notes in snreat part rewritten, by J. H. Freeee, M.A. 

BookB I., n.. III., TV,, and Y. Is. 6d. each. 
Looan. The Fharsalia. By 0. B. Haskins, MJL., and W. E. 

Heitland, M.A. Demy 8to. 14t. 

Looretina. With Gommentary by H. A. J. Monro. 4th Edition. 
Yob. I. and n. Introdiiotion, Text, and Notes. 18s. YoL m. Trani- 
lation. 6s. 

OvUL P.OyidiiNasonisHflroidesXIV. ByA.Pahnflr,M.A. avaOf. 
— P. Ovidii Nasonis Ais Amatozia et Amores. By the Bev. 

E. Williami, M.A. 8s. 6d. 

Metamorphoses. BookXIIL By Ohas. Haines Eeene, M.A. 



8s. 6d. 

EpistolanunezPonto Liber Primns. ByG.H.Eeene,MX 8«. 



Pg Q pqrtina. Sex Anrelii Fropertii Oarmina. By F. A. Fal^, M. A., 

LL.D. 8vo. COoth. 5s. 

Sex Propertii Elegiarnm. LibrilY. Becensnit A. Fahner, 

Oollegii Saoroaanotn et IndiTidus TrinitatiM jnzta DnbUnuxn Sodu, 
IVsap. 8to. Ss. 6d. 

Sophocles. The Oodlpiu Tyramuui. By B. H. Kennedy, D.D. 

Grown Svo. 8s. ^^ ^^ 

ThnoydMes. The History of the Peloponnesian War. ByBlehaid 

S]d]]eto,H.A Bookl. 8TO.es.6d. Bookll. 8to. 6b. 6d. 



TRANSLATIONS, SELECTIONS, &o. 

Aeaehjlos. Translated into English Fzose by F. A. Fal^, M.A., 

IiL.D. 2nd Edition. 8yo. 7s. 60. 

-^— - Translated into English Verse by Anna Swanwiok. 4th 

Edition. PocrtSro. 6s. 

Calpumlus, The Eclognes of. Latin Text and English Verse. 

Translation l^ B. J. L. Soott, M JL Ss. 6d. 

Horaoe. The Odes and Oazmen Sieonlare. In English Verse by 

J. Oonington, M.A* 11th edition. Fcap.8T0. 3s. 6d. 
«— The Satires and Epistles. In English Verse by J. Ooning- 

ton, M.A. 8th edition. Ss. 6d. 
Plato. Oorgias. Translated by E.M. Cope, M.A. Svo. 2nd Ed. 7f. 
Frodentins, Selections from. Text, with Verse Translation, In- 

trodncticm, &o., bj the Ber. F. St. J. Thaokemr. Oro?m 870. 7s. 6d. 
Sophooles. Oedipus Tyrannns. By Dr. Kennedy. U. 

— The Dramas of. Bendered into English Verse by Sir 

George Yonnff, Bart., M.A. 8vo. 12s. 6d. 
Theoorltnii. Jn En^^ish Verse, by 0. S. Calverley, M.A. Srd 

Edition, drown 8yo. 7s. 6d. 

Tranalatlona into English and Latin. By 0. S. Galyerley, M.A. 

PoetSro. 7s. 6d. 
TranslationBintoEnglish, Latin, and Greek. By B. 0. Jebb, LittD., 
H. Jackion, IdttD., and W. B. Onrrey, M.A. Second Edition. 88. 

ToUa flttvuISB, siye Eelogn Foetarum Anglieomm in LatinTim et 

Graonm oonTerm. By H. A. Holden, LL.D. 8to. YoL II. 4s. 6d. 

Sabzlnae OoroUa In Hortulia Begiae Soholae Salopleiuii 

Oontexnemnt Tree Yiri Florilms Legendis. Fourth Edifeiona thorongh^ 
BeriMd and BeftRaaged. Large pert 8to. 10s. 6d. 
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LOWER FORM SERIES. 

With Notes and Voedbulariet, 
Virgil's iBneid. Book L Abridged from Gonington'fl Editknu 

Wi£h Yooaboluy by W. F. R. Shilleto. Is. 6d. 

OsBsar de Bello Galileo. Books L, n., and in. ^fh Notes hj 
€toorgeIjoiig,M.A.,axidYooalm]ar7b7W. F. B. EQuUeto. Is. 6«L eaoh. 

Horace. Book I. Madeane's Edition, with Yooabolary by 
A. H. DemiiB. Is. 6d. 

Frost Beloga Lattoss; og,FirBt Latin Beading-Book, with Knglish 
Notes and a Diotloiiazy. By the late Ber. P. FnMt, M.A. Hew lUtttUm. 
Foap. Sto. Is. 6d. 

A Latin Yerse-Bodk. An Introdoiotocy Work on Heza- 

meten and Pentameten. Hew Bdition. Foap. 8to. 8s. Key (for Tnton 
only), 6s. 

Analeota Gneoa Minora, with LitrodneUny Sentenoes , 



Bngliflh Hotel, and a Dictionary. Hew Edition. Foap. 8vo. 2s. 

Wells. Tales for Latin Prose Gomposlilon. "WiiHi Notes and 

Yooalnilary. By G. H. WeUfl, M .A. 2s. 

Stedxnan. Latin Vooabnlaries for Repetition. By A. M. 11 

Stedman, M.A. 2nd Bdition, revised. Foap. 8to. Is. 6d. 

Easy Latin Passages for Unseen Translation. Foap. 

870. Is. 6d. 

Greek Testament Selections. 2nd Edition, enlarged. 



with Hotee and Yooabnlaiy. Foap.8TO. 2s. 6d. 



CLASSICAL TABLES. 
Latin Aoddenee. By the Ber. P. Frost, M JL If. 
Latin Vefsifloation. It. 
Notabllla QnsBdam; or the Principal Tenses of most ofl the 

Irregnlar Greek Yerbe and Elementacy Gceek, Latin* and Franeh Oaar 

stimoDon. Hew Bdition. Xs. 

Riflhinmid Bnles for the Qyidltin Distieh, Ac. ByJ.Tate,M.A. U. 

The Principles of Latin Syntax. It. 

OreA Verbs. A Oatalogae of Terbs, Irregnlar and DefeotiTC. By 

J. B. Baird, T.O.D. 8th Edition. 2s. 6d. 

Ghreek Aooents (Notes on). By A. Bany, DJ). New Edition. It. 
Homeric Dialect Its Lading Forms and Pecsnliarities. By J. 8. 
Baird* T.O.D. Hew Edition, by W. G. Batherford, LL.D. Is. 

Gtertc Aeddenoe. By the Bev. P. Frost, M.A. NewBditioo. It. 

LATIN AND GREEK CLASS-BOOKS. 

Baddeley. AwdUa Latina. A Series ofl BragressiTe Latin 
Ezeroifles. By M. J. B. Baddeley, MJk, Foap. 8vo. Fart I., Aeeldenee. 
SthEdition. 2s. PartIL SthEdition. 2s. X«y to Flvt H., 2s. Sd. 

Church. Latin Prose Lessons. By ProL Ghmeh, HA. 9th 

Edition. Foap. 8to. 2s. 6d. 

Oollins. Latin Xxerdses and Grammar Papers. By T. CJoUins, 
M.A., H. M. of the Latin School, Hewport, Salop. 7th Edit. Ttrnp. 8to. 
2s. 6d. 

■ Unseen Papers in Latin Prose and Verse. With Bz- 

amination Qneitiona. 6tii Edition. Foap. 8to. Ss.6d. 

Unseen Papers in Greek Prose and Verse. With Ex- 



amination Qnestions. 8rd Edition. Fbap. 8?a 8s. 



Educational Works. 



Collins. Oasy Translatlomi flrom Nepoi, OflBsar, Ofoero, Uvy, 

fto., for Betraiulation into Latin. With Notes. 2§. 

Compton. Rudimente of Attio OonBtruotlon and Idiom. By 

the Ber. W. 0. Oompton, M.A., Head Master of Doyer OoUege. 8a. 
Clapln. A Latin Primer. By Bey. A. 0. Clapin, M.A. Is, 
Frost EclogSB LatinsB ; or, First Latin Beading Book. With 

Notes and Yocabnlary by the late Ber. P. Frost, M.A. New Bdition. 

Foap. 870. la. 6d. 

Analeota QrsBoa LDnora. With Notes and Dictionary. 

New Bdition. Fcap. 870. 2$. 

Materials for Latin Prose Composition. By the late Bev. 



P. Frost, MJL. New Edition. Foap. 8to. 2t. Kbj (for Tutors only), 4$, 
A Latin Verse Book. New Edition. Foap. 8yo. 2f. 



Key (for Tutors only), 5s. 

Materials for Greek Prose Composition. New Edition. 



Fcap. Syo. as. 6d. Key (for Tutors only), Sb. 
Harkness. A Latin Grammar. By Albert Harkness. Post 8yo. 

6s. 

Key. A Latin Grammar. By T. H. Key, M.A., F.B.S. 6th 

Thousand. Post 870. Ss. 

A Short Latin Orammar for Sohooli. 16th Edition. 

Post 8to. 3s. 6d. 

Holden. Foliorum Silvula. Part L Passages for Translation 
into Latin Blflgiao and Heroic Verse. By H. A. Holden, LL.D. 12th Bdit. 
PostSro. 7s. 6d. 

— ^— FoUorum Silvuia. Part n. Beleot Passages for Trans- 
lation into Latin Lyrio and Oomio lambio Verse. 8rd Edition. Post Svo. 
6s. 

Foliomm Oenturto. Beleet Passages lor TranHlatfoo 



into Latin and Oreek Prose. 10th Bdition. PoBt8TO. 8s. 
Jebb, Jaokson, and Currey. Eztraots for Translation in Greek, 
Latin, and English. By B. 0. Jebb, Litt. D., LL.D., H. Jackson, Litt. D., 
and W. E. Onrrey, M.A. 4s. 6d. 

Mason. Analytical Latin Exerdses. By C. P. Mason, B.A. 

4th Edition. PartL.ls.6d. Part n., 2s. 6d. 

Nettleship. Passages for Translation into Latin Prose. By 

Prof. H. Nettieship, M.A. Ss. Key (for Tators only), 4s. 6d. 

* The introduction onght to be studied by every teacher of Latin.' 

Quardian, 
Paley. Greek Partioles and their Combinations aooording to 

Attic Usage. A Short Treatise. By F. A. Paley. M.A., LL.D. 2s. 6d. 
Penrose. Latin Elegiao Verse, Easy Exercises in. By the Bev. 
J. Penrose. New Edition. 2s. (Key, 8s. 6d.) 

Preston. Greek Verse Oompoaition. By G. Preston, MJL 

5th Edition. Grown 8to. 4s. 6d. 

Seager. FaoUiora. An Elementary Latin Book on a new 

principle. By the Bar. J. L. Seager, M.A. 2s. 6d. 
Stedman (A. M. M.). First Latin Lessons. By A. M. M. 

Stedman, M.A., Wadham College, Oxford. Second Edition, enlarged. 
Grown 8to. 2s. 

First Latin Reader. With Notes adapted to the Shorter 



Latin Primer and Vocabulary. Grown 8vo. Is. 6d. 

Easy Latin Passages for Unseen Translation. 2nd and 



enlarged Edition. Fcap. 8to. Is. 6d. 

Easy Latin Szercises on the Syntax of the Shorter and 



BcTised Latin Primers. With Yooabnlary. Srd Edition. Grown 8to. 
2s. 6d. 
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Stedman (A. M. M.) Notanda QusBdam. Mifloellaneoofl Latin 

Exercises on Common Boles and Idioms. Pcap. 8to. Is. 6d. 
Latin VocabiUarles for Repetition : arranged according 

to Sabjects. 4th Edition. Fcap. 8to. Is. Od, 

First Greek Lessons. [In preparation. 

Easy Greek Passages for Unseen Translation. Fcap. 



8to. Is. 6d. 

Easy Greek Exercises on Elementary Syntax. 

[In preparaiion. 

Greek Vocabularies for Repetition. Fcap. 8to. Is. 6d. 
Greek Testament Selections for the Use of Schools. 



2nd Edit. With Introduction, Notes, and Yocabnlary. Foap. 8to. 2t. 6d. 
Thackeray. Anthologla GrsBca. A Selection of Greek Poetry, 

with Notes. By F. St. John Thackeray. 5th Edition. lOmo. 4s. 6d. 
Anthologla Latlna. A Selection of Latin Poetry, from 

NsBTins to Boethins, with Notes. By Bey. F. St. J. Thackeray. 5th Edit. 

16mo. 4s. 6d, 
WeUs. Tales for Latin Prose Composition. With Notes and 

Yocabnlary. By G. H. Wells, M.A. Fcap. 8yo. 2s. 

Donaldson. The Theatre of the Greeks. By J. W. Donaldson, 

D.D. 10th Edition. Post 870. Ss. 

Eelghtley. The Mythology of Greece and Italy. By Thomas 

Keightley. 4th Edition. Beyised by L. Schmits, Ph.D., LL.D. 5s. 

Mayor. A Guide to the Choice of Classical Books. By J. B. 
Mayor, M.A. 3rd Edition. Crown 8yo. 40. 6d. 

Teuffel. A History of Boman Literature. By Prof. W. S. 
Tenflel. 5th Edition, reyised by Prof. L. Schwabe, and translated by 
Prof. G. 0. W. Warr, of King's College. 2 vols, medium 8yo. 15s. each. 

CAMBRIDGE MATHEMATICAL SERIES. 

Arithmetio for Schools. By C. Pendlebniy, M.A. 5th Edition, 
•tereo^niMd, with or withont answers, 4s. 6d. Or in two parts, 2s. 6d. each. 
Part 2 contains the Commercial Arithmetio. Jl Key to Part 2 in preparation. 

BxAiEPLXB (nearly 8000), withont answers, in a separate yoL 8s. 
In nse at St. Pau's, Winchester, Wellington, Marlborongh, Charterhouse, 
Merchant Taylors', Christ's Hospital, Sherborne, Shrewsbury, Ac. dco. 

Algebra. Ohoioe and Ghanoe. By W. A Whitworth, MA. 4th 

Edition. 6s. 
Euolld. Newly translated from the Greek Text, with Supple- 
mentary Propositions, Chapters on Modem Geometry, and nnmerons 
Exercises. By Horace Beignton. M.A., Head Master of Harrison Collie, 
Barbados. New Edition, B«yised, with Symbols and Abbreyiations. 
Crown 8yo. 4s. 6d. 

Book I.' Is. I Books I. to III. ... 2t. 6d. 

Books I. and IL ... Is. 6d. | Books III. and lY. Is. 6d. 

SnoUd. Exercises on Enolid and in Modem Geometiy. By 

J. McDowell. M.A. 4th Edition. 6s. 
Elementary Trigonometry. By J. M. Dyer, M.A., and Bey. 
B. H. Whitoombe, M.A., Assistant Masters, Eton College. 4s. 6d. 

Trigonometry. Plane. By Bev. T.Yyryan, M.A. SrdEdit 8«.6d. 
Qeometrioal Oonlo SeotionB. By H. G. Willis, MA. Bt. 
Oonlot. The Elementary Qeomet^ of. 7th Edition, revised and 

enlarged. By C. Taylor, D.D. 4s. 6d. 
Solid <H)om«b7. By W. 8. Aldis, MX 4th Edit, reyised. 6«. 
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Geometrloal Optioi. By W. 8. Aldis, ILA. 8id Edition. 4$. 

Blgid Dynamioi. By W. 8. AldiB, HA. it. 

SlamentaryDyiuuniot. B7W.Gamett^lLA.,D.0Ji. 5th Ed. 8f. 

Dynamiof. A Tzeatue <m. By W. H. Besant, SoJ)., F.B.S. 7«. 6d. 

Heat. An Elementazy Treatise. ByW.Oanieit,M.A., D.OJi. 5tii 
Bdition* revised and enlarged. 4«. 6d. 

Elementury PhyaioB. Examples in. By W. Gallatiy, M.A. ' 4«. 

Elementary Hydrostatics. By W. H. Besant, 8aD., VJSiB. 15th 
Edition, rewritten, drown 8to. 4s. 6d. 

Eydromeohanios. By W. H. Besant, SoJD., FJLSL 5thEdition. 
PartL HjdroetatioB. 5t. 

Mathftinatloftl Examples. By J. M. Dyer, MJL» Eton Gollege, 
and R. Prowde Smith, M.A., Oheltenliam Oollefre. 6k. 

ICeohanios. Problems in Elementary. By W. Walton, M.A. 8f. 
Notes on Roulettes and GUssettes. By W. H. Besant, So.D., 

F.S.B. 2nd Edition, enlarged. Grown Sro. 5a 



OAMBRIDQE SCHOOL AND COLLEGE 

TEXT-BOOKS- 

A Series of Elementary TreaHeee for the me of Students, 
Arlthmetio. By Bev.O.Elsee,llA. Fcap.8va 14th Edit. 9s. 6d, 

■ By A. Wrigloy, M.A. 8f . 6d. 

■ A PkogressiTe Course of Examples. VfiXk Answers. Bj 
J.Wataon,li.A. Tth Edition, reriaed. B7W.P.Gondie,B.A. aa6d. 

Algebra. By the Bey. 0. Elsee, MJL 8th Edit 4f. 

Progressive Goorse of Examples. By Bey. W. F. 

M lfloha eUM.A., and a. Prowde Sndth, M.A. liOi Edition. 8k Sd. With 
Aniwen. 4s>6d. 

Vlane Astronomy, An Intiodnetlon ta ^y P. T. ICain, M.A. 

0th Edi t ion, reriaed. 4i. 

Oonio Seotlona treated Geometrioally. By W. H. Besant, 8c.D. 

8th Edition. 4f.6d. Solution to the ExamiOee. 4e. 

< Enuioiations and Figures Separately. 1«. 

Statios, Elementary. By Bev. H. Qoodwm, D J). 2nd Edit. 8«. 

MAnsontloniAnElementaryTreatiseoii. By B.TJCooce,H.A. St.dd. 

Nowton'a Prlnoipla, The First Three Beetions of, with an Appen- 
dix; and the Ninth and Elerenth Seetloni. 97 J. H. Braa^ Xji. 5th 
Edition, l7 P. T. Main, M.A. 4t. 

AnalytioalOoometryforBQhools. ByT.a.Yyvyaa. 5th Edit 4f.6<i. 

Ofoek Testament, Companion to the. By A. 0. Barrett, M.A. 
5th Editkm, revised. Eoip. 8vo. Si. 

Bo6k of Oommoa Prayer, An Historioal and Explanatoiy Treatise 

on the. B7 W. G. Hninphrr, B.D. 0th Edition. loap.8TO. SaSd. 
3Iiiaio, Text-hook ol By Professor H. 0. Banister. 15th Edition, 
nrifled. St. 

Oonoise History of. By Ber. H. G. Bonavia Hunt, 



Mu. Dqo. DoUin. 18th Edition, revised. 8a 6d. 
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ARITH M ETIC, (See alto the two foregoing Seriet.) 

Ulementary Arithmetio. By Charles Pendlebury, M.A., Senior 
Mathematical Master, St. Paul's School; and W. S. Beard, F.B.6.S., 
Assistant Master, Christ's Hospital. With 2500 Examples, Written and 
Oral. Grown 8vo. Is. 6<i. With or witihout Answers. 

Arithmetic, Examination Papers in. Consisting of 140 papers, 
each containing 7 questions. 357 more difficult problems follow. A ooU 
lection of recent Public Examination Papers are appended. By C. 
Pendlebury, M.A. 2». 6d. Key, for Masters only, 58. 

Gradnated SSzercisea in Addition (Simple and Compoond). By 

W. S. Beard, 0. 8. Department Rochester Mathematical School. Is. Por 
Candidates for Commeicial Certificates and Civil SerTioe Exams. 

BOOK-KEEPING. 

Book-keeping Papers, set at varions Public Examinations. 
Collected and Written by J. T. Medhurst, Lecturer on Book-keeping in 
the City of London College. 2nd Edition. 8s. 

GEOMETRY AND EUCLID. 

Euclid. Books L-YI. and part of XL A New Translation. By 

H.Ddghton. (See p. 8.) 
The Definitions of, with Explanations and Ezerdses^ 

and an Appendix of Exereises on the lirst Book. By B. Webb, M.A. 

Crown 8to. Is. 6d. 

Book I. With Notes and Exercises for the use d Pre- 



paratory Behoofs, te. By Bnuthwaite Amett, M.A. 8to. is. 6d. 

The First Two Books explained to Beginners. By G. P. 



Mason, B.A. 2nd Edition. Foap. 8ro. 2$.6d. 

The Bntmoiations and ligures to Bnolid'B Elementf. By Bev. 

J. Brasse, D.D. New Edition. Foap.8ro. Is. Withoiit the Fignrcs, 6d. 
EzerdBea on EooUd. By J. McDowell, M.A. (See p. 8.) 
MenanratioiL By B. T. Moore, M.A. 3«. 6<Z. (See p. 9.) 
Geometrical Conic Sections. By H. G. Willis, M.A. (See p. 8.) 
Gkeometrical Conic Sections. By W. H. Besant, ScJ). (See p. 9.) 
Blementary Geometry of Conloi. By C. Taylor, DJ). (See p. 8.) 
An Introduction to Ancient and Modem Geometry of Conloa. 

By 0. Taylor, D.D., Master of 8t. John's Coll., Camb. 8to. 15s. 

An Introduction to Analytical Plane Geometry. By W. P. 

Tnnibnll,H.A 8to. 12s. 

Problems on the Principles of Plane Co-ordinate Geometry. 

By W. Walton, M. A. 8to. IQs. 

TriUnear Co-ordlnatea, and Modem Analyttoal Geometry of 

Two IMmensioiis. By W. A. Whiiworth, H.A. 8vo. 16s. 

An Elementary TreatlBe on Solid Geometry. By W. 8. Aldis, 

M.A. 4th Edition rerised. Cr. Svo. 6s. 

Xniiptlo ronetiona. Elementary Treatlae on. By A. Cayley, D.8c 

Professor of Pore ICatheniatics at Gambridsre TlniTer^ty. DemySro. 15s. 

TRIGONOMETRY. 

Trigonometry. By Bev. T. G. Yyyyan. 8s. 6d, (See p. 8.) 
Trigonometry, Elementary. By J. M. Dyer, M.A., and Ber. B. H. 

Whitcombe, M.A., Asst. Masters, Eton College. 4s. 6d. (See p. 8.) 
Trigonometry, Examination Papers in. By G. H. Ward, MJL» 

Assistant Master at St. Paul's School. Crown 8to. 2i. 6d. 
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MECHANICS ft NATURAL PHILOSOPHY. 
StatkHi, Elementazy. By H. Ooodwin, DJ). Foap. 8?o. 8nd' 

Edition. St. 
Dynamlof, A Treatise on Elementary. By W. Gamett, M.AV 

D.C.L. 5tli Edition, drown 8to. Os. 
Dynamics, BigicU By W. 8. Aldis, M.A. 4t. 

Dynamioa, A Treatise on. By W. H. Besant, So.D.,F.B.S. 7f . 6d. 

Elementary Meohanloa, Problems in. By W. Walton, M.A. New 

Edition. Grown Bvo. 99, 

Theoretloal Meolianlea, Problems in. By W. Walton, M.A. 8rd< 

Edition. Demy Svo. 16>. 

Structural Meolmnlos. By B, M. Parkinson, Assoc. M.I.G.E.. 

Grown 8to. 4s. 6d. 

Elementary Mecbaaics. Stages I. and IL By J. C. Horobin, B.A. 
1«. 6d. each. 

Theoretloal Mechanics. Division I. (for Science and Art Ex- 
aminations). By J. G. Horobin, B.A. Grown 8yo. 28. 6d. 

Hydrostatlas. ByW.H.Be6ant,8cD. Cr.Svo. 15th Edit. it. 6d.. 

Hydromeohanlos, A Treatise on. By W. H. Besant, Sc.D., F Jt.8. 
8yo. 5th Edition, rerised. PartL HydrortatioB. 5s. 

Hydrodynamics, A Treatise on. YoL L, 10«. 6d. ; Vol. IL, 12$. 6cL 
A. B. Banet, M.A., F.B.S. 

Hydrodynamics and Sound, An Elementazy Treatise on* By 

A. B. BasBet, M.A., F.B.S. Demy Sro. 78. Qd. 

Physical Optics, A Treatise on. By A. B. Basset, M.A., F.B.S»- 
Demy 8to. 168. 

Optics, Geometrical. By W. S. Aldis, M.A. Grown Svo. 3rd 

Edilion. 48. 

Double Befiraotton, A Chapter on Fresnel's Theory of. By W. S. 

AldiB,M.A. 8ro. 28. 
Boulettes and Glissettes. By W. H. Besant, ScD., F.B.S. 2nd. 

Edition, 58. 

Heat, An Elementary Treatise on. By W. Oamett, MJL, IXGJEi. 

Grown Sto. 5th Edition. 4f.6d. 
Elementary Physics, Examples and Examination Papers in. By 

W. Gallatly, M.A. 48. 

Kewton s Snnolpia, The First Three Sections of, with an Appen- 
dix ; and the Ninth and Eleventh Seotiona. By J. H. Evans, H.A. 5th 
Edition. Edited by P. T. Main, M. A. 48. 

Astronomy, An Introduction to Plane. By P. T. Main, M.A. 

Vcap. 8vo. oloth. 6th Edition. 48. 

Praoti(»l and Spheriosd. By B. Main, HA. 8?o. lit. 

Hathematloal Examples. Pure and Mixed. By J. M. Dyer, M. A.,. 

and B. Prowde Smith, M.A. 68. 

Pure Mathematios and Natural PhUoaoptay, A Compendium of 
Facts and Formnla in. Ihr G. S. BmaUej. Slid Edition, revised by 
J. McDowell, M.A. Toap. 8vo. 2s. 

Elementary Ooone of Mathnmattoa. By H. Qoodwin, D^). 

eth Edition. 8vo. 168. 
A Collection of Examples and Problems In Arlthmet!o» 
Alflrebra, Geometry, Logarithms, Trigonometry, Gonio Sections, Mechanics*. 
a».. with Answers. By Bev. A. Wrigley. 90th ThowMuuL 8b. SsL 
Key. 10b. 6d. 
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FOREIGN 0LAS8IC8.1 

A Serim far me in SehooU, wUh Sn§U$h UToCm, grammaticaZ and 
eajfiamaiaqft amd nmierimgt of dtiffitmU idUmaHe ewgreulom. 

Feap. Svo. 

SohfflAr^ WallemtaliL Qy Dr. A. Bnehheim. 6th Bdit. fo. 

Ortli8i:iiigarMidPkwt1wnfa1.fc.6d. WftUsnstein'i Tod. 8i. ed. 

— — — MUdofOrlMiu. Qy Dr. W. Wagner. 2nd Edit. li.Sd. 
— ^ IfUlft Btiurt ByY. Kasfcner. 8rd Edition. If . 6d. 
Oo«Um1 Hmuuui and Dorothea. By B. Bell, HJut and 

KWOfeL New Edition, Beviaed. l«.6d. 

Ctarman BaUada, tram Uhland, Qoettie, and Milller. ^y 0. L. 

Pf^]fffff l <^ . MhBdition. U.6d. 

tnuurlea ZIL, par Voltaire. ^yIi.Dir^. TlhBditian. 1«. M. 
▲TOitarea da "Nteiaqia, par F6nelon. By 0. J. DeMe. 4tfa 

IMaotMldflaolLaFontame. ^yF.E.A.aais. lathEdit. l«.6d. 
Fl0Qiolft,V7X.B.8alntine. ByDr.Da1nie. 16th Thonfland. lj.6d. 
Xdamartlne's Le Talllenr de Flerrea de Salnt-Polnt. By 

J. BoleUe, 8fh TbaaMKBuBL IVaip. 8fo. U 6d. 

ttallan Primer. 9y Be?. A. 0. Qapin, liJL Foap.8yo.l«. 



FRENCH CLA88-B00K8. 

nmtdiGfimBiariarPablioSbhooli. By Be?. A. 0. Olapin, ILA. 

Voq?. 8to. ISth Bdition. 9i.6d. 

Jnpanoh PilnMr. ByBe?.A.0.01iqpin,MJL Feap.8?o. 9thBd.lj. 
Pltaner of Franeh Philology. By Be?. A. 0. OUj^. Feap. 8?o. 

SthBdit U. 

te Moii?eaii Trteor; or, Franeh Sindenfi Oompamon. By 

M . B. B. 19th Iditloiii. Rsp. 8fO. li. eda 

Aenoh Papers for the Prelim. Army Ezama. €k>llected by 

J.F. ])aTls,D.Lit. 2*. 6d. 

F!renoh Examination Papers In Misoellaneons Grammar and 

Idiomi. CknnpOed hj A. U. U. Stedmui. UM Wk Bdition. Orown 
8fa St. 6d. K«7. 6i. (Iter Teachers or PriTate Wodente onlj.) 

Miuraal of Franeh Proaody. ^y Arthur Qosaet, HA. Crown 

9wo,2t, 

liexioon of Oon?enatlonal XYenoh. Qy A. Holloway. 8rd 

Bditioin. OrownSra 8i.6d. 

PBOF. A. BABBdBE'S FBENGH OOUBSE. 
Ttmior Chradnatad Flrenoh Oonrae. Grown 8va It. 6d. 
JOiamantB of Vrenoh Qrammar and First Steps in Idiom. 

drown 8to> St. 

.PrMs of Oomparatt?eFk«noh Qrammar. SndEdition. Crown 

8to« St. Mb 
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F. B. A. GA80*S FRENCH OOUBSB. 

lint Flranoh Book. Crown 8to. 116tii ThooBancL It. 
Second Vmneih. Book. 52nd ThoosancL Feap. 6vo. Is. 6d. 
Key to First and Second French Books. 6th Edit. Fcp.870. 8«.6(2. 
Frenoh Fablee fof Beginneni in Froee, with Index. I6th Thousand. 

12mo. U.6dL 

Bdleot Fablee of La Fontaine. 18th Thousand. Foap.8vo. l«.6d. 
Histolres Amneantei et Infltruotlvea. With Notes. 17th Thon- 

■md. loap. 8vo. 2s. 

Fraotioal GKdde to Modem Frenoh Gonvenntlon. 18th Thoa- 

nnd. Eoap. 8to. la. 6d. 

Frenoh Poetary for tlie Young. With Notes. 5th Ed. Fop. 8vo. St. 
ICaterialB for Frenoh Prose Composition; or, Selections from 

the bert Bngligh Profle Writers. 19th Thou. Voap. 8fo. St. Kfly.O*. 

Proeateun Oontemporalns. With Notes. 11th Edition, re- 
vised. 12II10. Ss. 6d, 

Zae Petit Oompagnon ; a French Talk-Book for Little Children. 

12tli Thousand. lOmo. Is. 6d. 

An Improved Modem Pooket Dictionary of the Frenoh and 

flngUsh LangoageB. 47th Thousand. lOmo. 2s. 6d. 

Modem Frenoh-EngUsh and English-French Dictionary. 5th 
Edition, revised. 10s. 6d. In use at HarroW| Rngby, WestminBteri 
Shrewsbury, Radley, fro. 

The ABC Tourist's Frenoh Interpreter of all Immediate 

Wants. By F. B. A. Gaso. Is. 

MODEBN FBEN.CH AUTHOBS. 

Edited, with Introductions and Notes, by Jambs BoIbllb, Senior 
French Master at Dulwidh College. 

Daudet'8 La Belle NivemalBe. 2s, 6(2. For Begirmen. 
Hugo's Bug JargaL Ss, For Advanced Students, 
Balzao's Ursule Mirouet. Bs, For Advanced Students, 



GOMBEBT'B FBENCH DBAMA. 

Being a Selection of the best Tragedies and Comedies of Molidre. 
Radiie, Oomeille. and Ydltaire. With Axvmneiits and Kotes by A. 
Gombert. New liditioni lerised by V. B. A. Gaso. IVap. Sro. Is. each 

MoLiftBx ;— Le Misanthrope. L'Avare. Le Bonrgeols Gentilhomnie. Le 
Tartnffe. Le Malade Imaginaire. Les ITenunes Bayantes. Lea IVmrberies 
de Soapin. Las PrMenses Bidlenleg. I/Hoole dee Ifenunes. L'Bcole des 
Maris. Le MMeoin maln^ Lni. 

Raoiiti t— PhMre. Xsther. Athalie. Iphigfeie. Les Plaidean. La 
ThAalde ; on. Lea Frteea Bnnemis. Andromaqne. Britannions. 

P. Ck)BMszLUi:— LeOid. Horaoe. CHnna. Pdlyenote. 

YOIOJOMM i—^EnIzo, 
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GERMAN GLASS-BOOKS. 

liaterlalfl for Qennaa Froie Oo m poi lt laiL By Dr. Bnohbdm 

UthBdition. l^np. 4i.6(L K^f, Parts L and IL, St. Parts m. and lY., 

Goethe's Faust. Fart I. Text, Ha3rward's Prose Traxislation, and 
Notes. Bdited by Dr. Bnchheim. 5s. 

German. The Candidate's Yade Meeom. Five Hundred Easy 
Sentences and Idioms. By an Army Tutor. 01oth,ls. Tor Army BKomB, 

Wortfolge, or Roles and IBzerolsefl on the Ord«r of Words In 

German Sentences. Bj Dr. F. Stock. Is. 6d. 

A Gennan Granunar for Pablio Sdhools. By the Be?. A. 0. 

dapin and F. Hell Mfiller. SthKdition. Foap. 2s. 6d. 
A German Primer, with Ezeroises. By Bev. A 0. Glapin. 

2nd Edition. Is. 

Kotiebna'a Dor GefkngWMi. Y^thNotesbyDr.W.Stromberg. 1m, 
Gennan Bzamlnatlon Papers In Grammar and Idiom. By 

R. J. Horich. 2nd Edition. 2s. 6d. Key for Tutors only, 5s. 

By Fbz. liANas, Ph.D., Professor B.M.A, Woolwioh, Examiner 

in German to the Coll. of Preceptors, and also at the 

Yietoria UniTersity, Manchester. 

A Oonolse German Grammar. In Three Parts. Part I., Ele- 
mentary, 2s. Part n.. Intermediate, 2s. Part m., AdTanoed,3s. 6d. 

German Examination Oonrse. Elementary, 2«. Intermediate, 2ff. 

AdTBnced, Is. 6d. 

German Header. Elementaryi^ 1«. 6d. Advanced, 3«. 



MODEBK GEBMAN SCHOOL CLASSICS. 

Small Crown Svo. 

Hoy's Fabeln For Kinder. Edited, with Vocabulary, hy Vtot 

F. Lange, Ph.D. Printed in Roman 6haraeter$. Is. 6d. 

■ The same with Phonetic Transcription of Text, Arc. 2t. 

Benedlx's Dr. Wespe. Edited by F. Lange, Ph.D. 2s. M, 

Hofftnan's Melster Martin, der Efifner. By Prof. F. Lange, Ph J). 

U6d. 
Heyse's Hans Lange. By A A. Ifaodonell, M.A, PhJ). 2«. 

Anerbaoh's Anf Waohe, and Boquette's Der Gefrorene Knsi. 

By A« A. Mardonell, M.A. 2s. 

Moser's Der Bibliothekar. By Prof. F. Lange, PhJ). 8rd Edi- 
tion. 2s. 

Ebers' Sine Frage. By F. Stoir, B A. 2«. 

Freytag's Die Joomalisten. By Prof. F. Lange, PhJ). Snd Edi- 
tion, revised. 28. 6d. 

Gntzkow's Zopf nnd Sohwert By Prof. F. Lange, Ph.D. 2ff. 

German Epio Tales. Edited by Ear Neohans, Ph.D. 2«. 6d. 

Soheffel's EkkehanL Edited by Dr. H. Hager 8t. 
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DIVINITY, MORAL PHILOSOPHY, &o. 

Bt thb latb Bbv. F. H. Sobiybneb, A.M., LL.D., D.C.L. 

Nofnm Tettuneiitiim GnBoe. Editio major. Being an enlarged 
Bdition, (xmtaixiiiiff the Beadingi of Bishop Wertoott and Dr. Hort, and 
those adopted hy the Beriflen, dra. 7<. 6d. {For other JSditions see page 8.) 

A Plftln Introdiietlon to the CMtldBm of the New Testament. 

With Forty VaaAaSioB from Andent Mannaoripti. 4th Edition, revised 
by Bey. E. Miller, M.A. Sro. I80. 

Codez Bens Oantatarigtaiurii. 4to. 10«. 6<l. 



The New Teitament for English Readers. By the late H. AUord, 

D.D. YoL I. Part I. 8rd Edit. 12i. Vol. I. Fart H. 2nd Edit. 10s.6d. 
ToLn. Fart 1. 2nd Edit. 16a. YoL H. Part II. 2nd Edit. 10«. 

The Gfeek Testament. By the late H. Alford, DJ). Vol I. 7th 

Edit. U. 8s. Y6L n. 8th Edit. 11. 4b. YoL m. 10th Edit. 18s. Y6L lY. 
Fart 1. 5th Edit. 18k. YoL lY. Part n. 10th Edit. lis. YoLIY.U.18s. 

Oompanlon to the Ghreek Testament By A. 0. Barrett, M.A. 

5tii Edition, rerised. Foap. 8to. 5s. 

Onlde to the Textual Critlolsm of the New Testament. By 

Ber. E. Miller, M.A. Grown 8ro. 4s. 

The Book of Psalms. A New Translation, with Introdnotions, fte. 

fy tiie Bt. Ber. J. J. Stewart Perowne, D.D., Bishop of Worcester. 8to. 
oLL 8th Edition, IBs. YoL n. 7th Edit. 18s. 

■ Abridged for SohooUi. 7th Edition. Orown 870. lOt. 6(Z. 

EOstorj of the Artloles of BeUgion. By 0. H. Hardmok. 8rd 
Edition. Poft8TO. fis. 

History of the Greeds. By Bev. ProfeBSor Lmnby, D.D. Srd 

Edition. Grown 8ro. 7s. 6d. 

Pearson on the Greed. Oarefnlly printed from an early edition. 

mth Analysis and Index by E. Walford, M. A. Post 8to. Ss. 

Xdtnrgles and Offices of the Ghnroh, for the Use of English 
Beaders, in Blostration of the Book of Gommon Prayer. By the Ber. 
Edward Bnrbidge, M.A. Grown 8to. 9s. 

An Historical and Explanatory Treatise on the Book of 

Gommon Prayer. "By Ber. W. Gt. Humphry, B.D. 8th Edition* enlarged. 
Small Post 8?o. 2s. 8a. ; Gheap Edition, Is. 

A Gommentary on the GhMpels, Epistles, and Acts of the 

Apostles. By Ber. W.Denton, AM. New Edition. 7to1s. 8?o. 9s. each. 

Notes on the Gateohlsm. By Bi Bey. Bishop Barry. 9th Edit. 

Foap. 2s. 

The Wlnton Ghnroh Gateohlst. QnestionB and Answers on the 
Teaohing of the Ghnroh Gateohism. B7 the late Ber. J. 8. B. Monsell, 
LL.D. 4th Edition. Gloth, 8s. j or in Four Parts, sewed. 

The Ghnroh Teaoher's Manual of Ghrlstian InstmotloD. By 

Be?. M. F. Badlor. 43rd Thoosand. 2s. 8d. 



16 George Bell and Somf 



TECHNOLOQICAL HANDBOOKS. 

Edited 1)7 Sib H. Tbueican Wood, Secretary of the Sooiety of ArtaL 
Dyeing and TlBsna Printing. By W. Crookes, FJLS. 5t. 
Glass Mannfaetnre. By Henry Qianoe, M JL; H. J. Powell, BJL; 

and H. G. Harris. 80. 6d. 

Ootton Spinning. By Biohard Marsden, of Ifandhester. 8rd 
Edition, rerued. 08. 6d. 

Ohemlstry of Goal-Tar Ooloun. By Prof. Benedikt, and Dr. 
Kneoht of Bradford Teohnioal OoSlege, 2nd Edition, enlarged, fis. 6d. 

Woollen and Worsted Cloth Marmfaotore. By Professor 

Roberts Beaumont, The YorkBhire Oollese, Leeds. 2nd Edition. 7s. 6d. 
Silk Dyeing. By G. H. Hurst,. F.C.S. With nnmeroius oolofired 

specimens. 5s. 

Cotton Weaving. By B. Marsden. [Preparing. 

Bookbinding. By J. W. Zaehnsdorf , with eight plates and many 
illnstrations. 5s. 

Printing. By C. T. Jacobi, Manager of the Chiswick Press. 5s. 

Plumbing. By S. Stevens Hellyer. 6s. 



BELUS AGRICULTURAL SERIES. 

The Fann and the Dairy. By Prol Sheldon. 2s. 6i. 
Soils and their Properties. By Dr. Fream. 2s. 6d, 
The Diseases of Crops. By Dr. Griffiths. 2s. 6d. 
Manures and their Uses. By Dr. Griffiths. 2s. Qd. 
Tillage and Implements. By Prol W. J. Maiden. 2s. 6d. 
Fruit Culture. By J. Cheal, F.R.H.S. 2s. 6d, 

Others in preparation. 



HISTORY. 
Modem Europe. By Dr. T. H. Dyer. 2nd BditioB, revised and 

oontiniied. 6 Tola. Demy Sra 2L 12i. 6d. 

The DeoUne of the Boman BepubUo. By G. Long. 5 vds. 

Sto. fis.eaoh. 

Blstorioal Maps of TBngTand. By C. H. Pearson. Folia 8rd 
Edition rsTised. SUfUL 

England in the Fifteenth Century. By the late Bev. W. 

Denton, M.A. DemySvo. 12s. 

Feudalism: Its Bise, Progress, and Consequenoes. By Judge 

Abdy. 7s. 6d. 

History of IBngland, 1800-46. By Haixiet Martineau, with new 

and oopionB Index. 5 toIs. 8s. 6d. each. 

A Praotioal Synopsis of English History. By A. Bowes. 9th 

Edition, rerised. 8fo. Is. 
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ZJTet of the QiMenB of England. By A. StnoUand. Library 
Bdition. 8 vols. 7s. 6d. eaoh. Oheaper Bdition, 6 toIb. 5s. each. Abridged 
Bdition, 1 vol. 6s. 6d. Mary Queen of Soots, 2 vols. 58. eaoh. Tudor and 
Btnart Prinoesses, 58. 

The Memente of Gtoneral EDstory. By Froi l^er. New 

Edition, bronght down to 1874. Small Post 8to. 88.60. 
History and Gfreography Examination Fapera. Compiled by 

0. H. Spenoe, M.A., Olifton Oollege. Grown Sro. 2s. 6d. 

The Sohoolmaster and the Law. By Williams and Markwiok. 

Is. 6d. 

fV>r other Historical Bwikt, see Caialogue ofBoTvn's Libraries, sent free on 

application. 



DICTIONARIES. 

WEBSTER'S INTERNATIONAL DICTIONARY of the 

Englisli Lanffnage. Including Scientific, Teolmical, 
and Biblical Words and TenuB, with their Signi- y^ £t^ 
fications, PronunciationB, Etymologies, Altemative X fp^' 
Spolliuffs, Deriyations, Synonyms, and numerous/ >gil^^ 
iUustratiTe Quotations, with various yaluable literary I wEBSIBl S 
Appendices and 83 eictra pages of Illustrations grouped 1 INTERNATIONAL j 
ana dassified, rendering the work a Oomplxte \ racrtrajKigv 

LiTEEAET AND SCIBHTIFIC BXFEBENCE-BOOK. N&W ^ UIK.ll\maxa , 

Edition (1890). Thoroughly revised and enlarged 

under the supervision of Ifoah Porter, D.D., LL.D. 

1 vol. (2118 pages, 3500 woodcuts), 4to. cloth. Sis. 6d. ; half calf, 21. 2s. ; 

half russia, 21. 58. ; calf, 21. 8s. ; full sheep with patent marginal Index, 

21. 8s. ; or in 2 vols, doth, 11. 148. ; half russia, 21. 18s. 

Prospectuses, with specimen pages, sent free on application. 

Rlohardson's Fhllologloskl Dictionary of the English Language. 

Oombining Explanation with Elymology, and copiously illustrated by 

Saotations from the best Authorities. With a Supplement. 2 vols. 4to. 
. 14s. 6d. Supplement separately. 4to. 12s. 

Eluge's Etymological Dictionary of the German Language. 

Translated from the 4th German edition by J. F. Davis, D.Iit., M.A. 
(Loud.). Crown 4to. half buckram, 18s. 

Dictionary of the French and English Languages, with more 

than Fifteen Thousand New Words, Senses, &c. By F. E. A. Oaso. With 
New Supplements. 5th Edition, Revised and Enlarged. Demy 8vo. 
lOs. 6d. Izr U8E AT Habbow, Bugbt, Shbewsbubt, &o. 

Pocket Dictionary of the Trench and English Languages. 

By F. E. A. Qaso. Containing more than Five Thousand Modem and 
Current Words, Senses, and Idiomatic Phrases and Benderings,not found 
in any other dictionary of the two languages. New edition, with addi« 
tiona and oorreotions. 47th Thousand. 16mo. Cloth, 2s. 6d. 

Argot and Slang. A new French and English Dictionary of the 
Cant Words, Quaint Escpressions, Slang Terms, and Flash Phrases used 
in the high and low life of old and new raris. By Albert Barrdre, Offider 
de rinstmotion Pnblique. New and Bevised Edition. Large Post 8vo» 
10s.6d. 
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ENGLISH GLASS-BOOKS. 

Oompantiye Grunmar and Philology. By A. 0. Friee, M^, 

ABsistant Master at Leeds Grammar School. 81. 6d. 

The Elements of fhe Ebigliflh Language. By B. Adams, FhJ). 

25tbBditian. Beyised by J. F. Davis, D.Lit., M. A. PottSro. 4t.6d. 

The Bndhnonta of Bngliah Grammar and Analjals. Qy 

E. Adaau, Fh.D. Idth Thomaiid. FoBa.8TO. Is. 
A Ctondae System of Parsing. By L. jS. Adams, B JL U. 6d. 
Examples for Grammatioal Ansdysis (Verse and Prose). Be- 

leotod, to,, by F. Bdwards. New edition. Oloth, Is. 
Notes on Shakespeare's Plays. By T. Duff Bamett, BJL 
MiDBumna Kioht'b Dbxax, Is. ; Jvlius Oxsas, Is. : OnrxT Y., Is. ; 
TniPSST, Is. ; Macbxth, Is. ; Mxbchaht of Yxvick, Is.; Haxur, Is. ; 
BiCHASD IL, Is. ; Knre Johv, Is.; Kue Lsak, Is.; Ck>mxOL4Vi7S, Is. 

GRAMMARS. 

By 0. P. IfABOH, Fellow of Univ. GolL London. 

nnt Notions of Grammar for Toang Lesmfln. Foap. Syo. 

67tli Thoaaaiid. Revised and enlarged. doUi. la 

First St^ps In Fmgllsh Grammar lor Jnniar Olassos. Demy 

ISmo. 64th numsand. Is. 

Outlines of English Grammar for the Use of Jonior Olassas. 

87th Thonaaxid. Grown 8to. St. 

-mngHaii Grammar, indnding the Prindples of Grammatieal 

AnaljiLk 83rd Bdition. 137th Thonsand. Orown 8vo. Si. 6d. 

Praotice and Help in the Analysis of Sentenoes. 2«. 

A Shorter English Grammar, with oopioas Ezereises. 44th 

to 49th Thonnad. Orown 8va 8«. 6d. 

English Grammar Praotloe, being the Ezeroises separately. It. 
Ck>de Standard Grammars. PartsL and IL, 2d.eaoh. Parts III., 

IV., and v., 8d. eaoli. 

Notes of Lessons, their Preparation, Ac By Jos6 Biokard, 
Park Lane Board Bohodl, Leeds, and A. H. T^lor. Bodley Boaid 
School, Leeds. 2nd Edition. Orown 8vo. 2s. 6d. 

A Syllabio System of Teaching to Bead, oomlnning the advan- 
tages of the ' Fhonio' and the * Look-and-Saj' Systems. Orown 8fO. Is. 
Praotioal Hhits on Teaching. By Ber. J. Ifenet, M JL 6th Edit. 

revised. Orown 8vo. paper, 2s. 

Test Lessons in Dictation. 4th Edition. Paper cover. If. 6d. 
Piotore Sohool-Books. With numerous BlostrationB. Boyal 16mo. 
The Infant's Primer. 8d.— School Primer. 6d.— School Header. ByJ. 
TfUeard. Is.— Poetey Book for Schools. Is.— The Life of Joseph, la-^nit 
Soriptine Parables. Bj the Ber. J. B. OUrks. Is.— The Scripture Mireclm. 
^ uie Bev. J. B. Olarka. Is.— The Hew Testament History. Br the Ber. 
J. 0. Wood, M .A. Is.— The Old Testement History. Bj the fiev. J. Q. 
Wood, M«A. Is.— The Life of Martin Lnther. By Saran Orom^rton. Is. 

Helps' Course of Poetry, for Sehools. A New Selection from 
tile Bnglish Poets, caiefollT compiled and adapted to the several staadacds 
bjB.H Helps, one of H.M. Inspectors of Schools. 

Book L Infants and Standards L and n. 134 pp. small 8vo. M. 

Book n. Standards m. and IV. 224 pp. crown 8vo. ls.6d. 

Book in. Standards v., VL, and Vn. 852pp. post 8vo. Ss. 
InPA&TS. Iniut«,2d.|8teiid.L,2d.|Stud.lt,2i.: Btend.nL,4d. 
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BOOKS FOR YOUNQ READERS. 

A Series qfReadm§ Books designed tofaeUitaU the oeguisiHon qflhepoum 
of Beading by very youmg Chdldren, In 11 vols, limp eloth, dd, each. 

Those with an asteriflk have ft Frontiispiece or other Dliutrations. 

*The Old BoathOTue. Bell and Fan; or, A Gold Dip. 

*Tot and the Gat A Bit of Gake. The Jay. The 

Black Hen'B Nest Tom and Ned. Mn. Bee. \ Suitable 

*The Oat and the Hen. Sam and hla Dog Bedlag. 



for 
Bob and Tom Lee. A Wreck. ' ^'^'''^^'' 

*The New-bom Lamb. The Bosevrood Box. Poor 

Fan. Sheep Dog. 
•The Two Parrots. A Tale of the Jubilee. ByM. E. ^ 

Wintle. 9 IlliistrationB. 

*The Story of Three Monkeyi. 

♦Story of a Oat Told by Hersell. I ^'/of ^ 

The Blind Boy. The Mute GHrL A New Tale of ' standards 

Babes in a Wood. 

♦Queen Bee and Busy Bee. 
♦Gull's Orag. 
Syllabic Spelling. By C. Barton. In Two Farts. Infants, 8d. 

Standard I., 8d. 



I. * II, 



I 



GEOGRAPHICAL READING-BOOKS. 

By M. J. Babbinoton Wabd, M.A With numerous Illustrations, 

The Ohlld's Geography. For the Use of Schools and for Home 

Tnition. 6d. 

The Map and the Gompass. A Beading-Book of Geography. 
I^r Standard I. New Bdition, revised. 8d. cloth. 

The Bound World. A Beading-Book of Geography. For 

Standard II. New Edition, revised and enlarged. lOd. 

About England. A Beading-Book of Geography for Standard 
m. With nnmerons Dlnstrations and Coloured Map. Is. 4d. 

The Ohild's Gheography of England. With Introduotory Ezer- 
dses on the British Isles and Empire, with Questions. 28. 6d. 



ELEMENTARY MECHANICS. 
By J. C. HoBOBiN, B.A., Principal of Homerton Training College. 

Stage I. With nvmenma UliLstratwns. Is. 6d. 
Stage II. With nvmeroue Uluatrations, Is. 6d. 
Stage m. [Preparing, 
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BELL'S READINQ-BOOKS. 

rOB BOHOOLB AND PABOOHIAL LIBBABIBB. 

Now Beady. Port 8vo. Strongly bound in eloth, U, each. 

*Adyenture8 of a Donkey. 

*Ufe of OQlvinbiu. 

•GMmm'g a«niuui Talai. (Seleeted.) 

*Aiideneii'i DAiilBh TalM. ninstrated. (SeleotecL) 

* Ghreat TSnglinhinmi. Short Lives for Yoong GhildreiL 

Great FingHwhwomeii. Short Idyes of. 

Ghreat Sootsmen. Short Idves of. 

PanUea from Nature. (SdeetecL) ByMhkOat^. 
*lSdgeworth'a Talea. (A Seleetion.) 
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*Soottf8 TalinnaiL (Abridged.) 
*meiida In For and Feathen. By GwynfryxL 
*Poor Jaok. By Oaptain Marryat, B JT. Ahgd. 
•Dlokena's Little KdL Abridged from the < The Old 

Onriotify Shop.' 
*01lTer Twist By Charles Dickens. (Abridged.) 

*Mtet«rman Beady. ByOapt Manyat Bins. (Abgd.) 

•Ovmyer'i TraTels. (Abridged.) 

'Arabian Nlghta. (A Selection Bewritten.) 

*The Yloar of Wakefield. ^ 

Lamb's Talea from Shakespeare. (Seleoted.) 

*BoUnsoii Omsoe. Blostrated. 

'SetOers In Oanada. By Oapt SCanyat. (Abridged.) 
Poetry for Boys. Seleoted by D. Mnnzo. 

'Sontliey's Life of Nelson. (Abridged.) 

*Iifis of the Dnko of Wftlllnghm, withMaps andPlans. 

*81r Boger de Oorerley and other Essays from the 
Tales of the Ooast ByJ.Bmidman. 4>«tator 
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Uniform with the Series, in Uinp cloth, 6d. each. 

CQiakespeare's Plays. Eemble's Beading Edition. Whh Ez- 
pkuuktory Notes for Sdhool Use. 
JXTLIXTB OBSAB. THB MBBOHASTOF VBXIOB. KINO JOHH. 
HBNBT THB FUTTH. MAOBITH. AS TOU LIKB IT. 
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